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t+D=|g 20+ st ©
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m Piecewise Affine System |‘1‘| (propositional caculus)
} . . (propositional logic)
(PWA) Piecewise Affine System Tyler and Morari, Automatica 1999
Xk+1=AXk+B.Uk+fi " |:Xk:|€ R i then
Y« =C X + DU+ g; Uy [ ]
[f(X)<0«<[0=] 5:0-1
. {f(x)sM(l—(S)
_ f(x)=e+(m—¢)o
Sontag, T-AC 1981 [[f(X)SOIH[fS—l] ](:) () ze+( .8)
Johansson and Rantzer, T-AC 1998 M =maxf (), m=minf ()
Rantzer and Johansson, T-AC 2000 E:
Johansson, Springer-Verlag, 2003 =
m Mixed Logical Dynamical System E
Heemels, Schutter, and Bemporad, Automatica 2001
(MLD)

X(t+1) = Ax(t) + Bu(t) + B, (t) + B,z(t)
y(t) = Cx(t) + Du(t)+ D,J(t) + D,z(t)
E,o(t) + E;z(t) < Eu(t) + E,X(t) + E;

o1 :5e{0}"
- ze R* » Mixed Logical Dynamical(MLD)

* Piecewise Affine(PWA)

« Linear Complementarity(LC)

« Extended Linear Complementarity(EL C)

ﬁ ¢ Max-Min-Puls-Scaling(MMPS) ﬁ

Bemporad and Morari, Automatica 1999
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X(t+1) = Ax(t) + Bu(t) . ;/—(?) z gg;: gllJJ((tt))
| y(t) =Cx(t) + Du(t) ) Xoim < Xk < X
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X R
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\ Y
( h x(t) (Explicit)
LOR .
0= K tQ P(t) u(t)=Kx(t)+h if xeX
L u(t) = Kx(t) K =-(R+B"P(t+1)B) 'B"P(t +1) A A.Bemporad, M. Morari, V. Dua, and E. Pistikopoulos (Automatica, 2002)
y X, u(t) =
' 8 Regionl [-59220 —6.883x
X(t4T) = 07326 —0.0861] 0+ 006091 © ! 9 _
“l01722 0999 0.0064 off 5 7 Reglon 234 2.0000
y(t) — [0 14142]X(t) 0 T X, | Region5,7,8 — 2.0000
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lon — —
—2<u@t)<2 . . 6 egion6 [-6.5159 —4.6953[1
+0.6423
ChMsT 4 05 o 05 1 15 Regon9 [-65159 —4.6953)x
i Zl: (100 oowe | | 30485 25055 -06423
iy 2| | g g [ TPk T X2l 5 5055 12 9016 |2 u(t) = Kx() —2<u(t)<2

ut)=Kx@t)+h if xeX;
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Multi-Parametric Toolbox (MPT) ver.2.04

IfA
URL  http://control.ee.ethz.ch/~mpt/

(Linear Programming)
2 (Quadratic Programming)
(Mixed Integer Programming)
-
(Multi-Parametric Programming) \"f\ :
\ NP

X
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PWA

X,: x(t+1) = o 1X(t)+ //% X

Xoxt+n=|_ 4, _1/2:‘x(t)

x3:><(t+1)=[o 1]"“”[ } /
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BN
/

min 3 x0) = Y1) +

{u,
HQ2(5|+k 76e)HM + HQz(z|+k - ZE)HM +
QO =X +Qs(Yerr = vel.3
subject to Xeoksat = A T Bl + B 51+k\1 +Bz,4 MLD
Yok = i + Dallyye + DS + DaZey
ExOui + EsZiaigy S Bl + EXyq + Es
Xain < X < Xina

—

U, <u

min = “t+k < umax

X = X /

(Mixed Integer Programming)

{Ut""'ut+N—1} a

lf

%
4 I
“ mln Z(ukRu +ku><k)+xNQf

Nl k=0
PWA
subject to [ X(k+1) = Ax(k) + Bu(k) + f,

Y(K) = Cx(k) +Du(k) + g,

J

1/

ut)=[0---0 1 0---0]f (x(t)), xe X,
f(X(t)) =Fx(@)+G if xe X,
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(Mixed Integer Programming)
on-line ( )

S

)
<
—
@)

PWA

(Mmp-LP)
ml n{ch pc + de pd}
P
G.p. +G, Py < S+Fc(t)

off-line

)
|

El
[EnY
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X(t+1) = 0.8[".050’(0 -s ”“(t)}x(t) +mu(t)

sina(t) cosa(t)

£/3 if [1 0lx(t)=0

(t)z{—ﬂ/3 it L OJx(t)<0

X(t) € [-10,10]x[-10,10]
u(t)e [-11]

R
N
= Q
Q

~

. 2
kﬂ'ﬂﬂ;("l RU+XQ+XQX o —( /
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Multi-Parametric Toolbox

Multi-Parametric Toolbox
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u () =K xt)+h if xeX
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Evolution of states

States

Sampling Instances
Evalution of contral moves

rputs

a1 -

2 4 [ 8 10

Sampling Instances
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e

X, x(k+) = [ 2}x(k)+ﬂu(k)

e Sl

x(t) e [-10,10]x[-10,10]
u(t) e [-1,1]

uleU
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Qu‘mln NZ(uk Ru, +kuxk)+ xNQf

Rl 2 PWA

Tokyo I nstitute of Technology

Evolution of states

00 200 300 400 600
Sampling hstances

Evolution of contral moves

u,
1

"o 0 0 @0 400 s00
Sampling hstarces
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/PWA I

(mp-LP)
- mi n{ch pc + de pd}
p
Gc pc +Gd pd <S+ Ff(t)

off-line

—

>

minimum-time controller
one-step controller
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/47 X'Px>0 VxeX
’// T T T T TT P
. X (A+BF) P(A+BF)x-X Px<X Qx-X'F'REx Vie I,
<=0 T Vxe D,
1, q BMI (bilinear matrix inequality)
Q=P F :
XTPXZO Vxe X ) Qj‘zlgy subject to Yi:FiZ Z:EP%[
X' (A+BF) P(A+BF)x-XPx<X'Qx-X F'RFx Vie l, 72>027=2 /4
Vxe Di z (AZ"' B.Y\) (QDSZ)T (RO.SYI)T
Z+BY)" z 0 0 .
FO(N+D)-FO(N)-1((N)) <0 Ym0 4 o PoViel
a (RY) 0 0 7
=) mm) L Mi(linear matrix inequality)

P. Grieder, M .Kavaxnica, M .Baotic, M.Morari(Automatica, 2005)
Tengoy _mmnﬁ

P. Grieder, M.K avaxnica, M .Baotic, M.M orari(Automatica, 2005)
Tengoy _mmnﬂ
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min i

YonY  subjectto v=Fz z=1p* PWA x(k+1) = Ax(K) + Bu(K) + f,

Z2>02"=27 Y N-1

055\T 05y/\T . i
z (AZ+BY) (Q*2)" (R*Y) Ji(x(0)= min Z(u[Ruk+x‘fok)+xI,Qf X"
(AZ+BY) z 0 0 . s
z0 Vie l,
(QO.Sz) 0 }"
0. - .
(R*Y) 0 0 7 miny wajectto Y =Fz 7. 1lpn
# _ 2502"=z2
Q=P Fi z (AZ+BY) @52) (R*Y)"
(AZ+BYY  zZ 0 ° Lo vie |
PWA x(k+D=(A+BF)x(k (QZSZ) 0 7 0 0
(k+D)=(A )x(k) o RE) 0 0 7
- P X(k+1) = (A +BF)x(K)
O PWA
# Q oPwa -
f o

P. Grieder, M .Kavaxnica, M .Baotic, M.Morari(Automatica, 2005) ﬂ P. Grieder, M.Kavaxnica, M.Baotic, M.Morari(Automatica, 2005) 68

low complexity

3]
3]

low complexity

Tokyo I nstitute of Technology Tokyo I nstitute of Technology

minimum-time controller one-step controller
X PWA
N O PWA I
X,\F,yw A - ¥ PWA
X PWA . o o ]
- oo Multi-Parametric
oM XPYA Multi-Parametric .
mo PWA B o] X,
Xz o PWA
o) PWA PWA ] Xx
m [ | X1F>WA
B X
X, 2 o ) .
# [ X PWA

P. Grieder, M Kavaxnica, M .Baotic, M.Mor ari(Automatica, 2005) " P. Grieder, M .Kavaxnica, M .Baotic, M.Morari(Automatica, 2005)
Tengoy _mmgﬂ Tecnoogy _mmgﬁ

m E Explicit
/ \ 176 0 : Evulut:wun of sltales
, 7.4476 o] =
_ cosa(t) —sina(t) 0 N
x(t+1)_0.8[§na(t) cosa(t) X(t) + 1 u(t) b
713 it [L 0Jx(t)=0 'Sl
ot)= 6 IR R
® {_ x/3if [L OJx(t)<O0 4  canpne becss
= Evolution of contral moves
X(t) e [-10,10]x[-10,10] g T
_ Al
ut)e [ 1-1] R=1 <
N=5 10} i
N-1 +13 2. ;| -8 -6 _:; ;| 2 5 | H H H
\ e §20 ) e PO
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Rl minimum-time controller Rl one-step controller
pr— Tokyo Institute of Technology| p— Tokyo Institute of Technology|
Evolution of states Evolution of states
170 10 : 10 :
H X
. ‘
7.2069 o} N
12 . . . . L WA N R 12
10 & 10}-
8t 1 Il B A S ek 5
e 1 H : 6
¢ -10 L -
4 5 10 1 4t
M Sampline Istances NN Sampling Thstances
- - Evalution of cantral moves
'I;-'. ol “ | 05 Evululmln of control moves o 0 05 >
] SO | 4 22
4 i
@ 2
-8 1 - -05
-10 ¥ 7 -10¢ ’ ”
A ) S S S I T T H B -12 i H :
AX10-8-6 42 0 2 4 6 81012 -15 & 5 & 2108 -6-4-2 0 2 4 6 BL012 -1 75 =
xl Sampling Istances xl Sampling nstances
P - 73| P —- |

l l
— Tokyo Institute of Technology | p—— Tokyo Institute of Technology |
Lyapunov ETH(Zuri (;h)
Electronic throttle
Lyapunov

Common quadratic Lyapnov function

Common sum-of-squares L yapunov function

Piecewise affine Lyapunov function

Piecewise quadratic Lyapunov function

1000
-‘Ug Smart Damping Materials
10 :
10
0 0
T " A0 y
Fig.3.3 Piecewise quadratic Fig.3.4 Piecewise affine i e
Lyapunov function Lyapunov function -+
P. Biswas, P.Grieder, J.Lofberg, M.Morari(l FAC, 2005)
Tatdey ——mmmﬁ Tatdey
Rl Rl Distributed Receding Horizon Control
— Tokyo Institute of Technology | p—— Tokyo I nstitute of Technology |
Vehicle Distributed Receding Horizon( )

Formation
(Centralized) Receding Horizon

| Master

Distributed Receding Horizon

Networked Control

Networked Control System

=

e mm) Distributed + Networked

http://iwww.jda.go.j p/jasdf/gallery/bluet2.htm
Tecnooqy _mm\:ﬂ Tecnooqy p.md Labora
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m Distributed Receding Horizon Control

Tokyo I nstitute of Technology

William B. Dunbar and Richard M. Murray,
‘Distributed Receding Horizon Control with

Application to Multi-Vehicle Formation Stabilization,’
Accepted to Automatica, June, 2004. Revision submitted May, 2005.

T. Keviczky, F. Borrelli and G. J. Balas
‘A Study on Decentralized Receding Horizon Control for

Decoupled Systems’
Technical Report, University of Minnesota, Minneapolis. Mar ch 2004.

Networked Control System

m Distributed Receding Horizon Control

Tokyo I nstitute of Technology

3 (x(t)) = min [ j;IL(x(s).x(s),iu(s))ds+ﬂ‘x(t+T)—x P
Subject to

%=t u(rit)) LG x;,u):

X =f(x (i) u (7)) x u:

% €X; Xt u

u ey N, : P:

% (M e Q&) 7 T:

William B. Dunbar and Richard M. Murray, (Automatica,2005) 80
Technoloay Fuiita Laboratorv

‘1‘| Distributed Receding Horizon Control

Tokyo Institute of Technology

ity i R AP i i
00T = Min D1 O U )+ 11 (606 )
Subject to k=0

XI‘(+L[ = f'(XL‘(,UL‘[) XL+1,| eX!' u:g,x eV .
Xklfu = f J‘(Xkl,x'ukl,x) X»Ll‘t_e X! uk].l el Je Ni
9" (s U X Ut ) SO TEN,
Xy € X{ X\, € X{
o € X X3, € X!
T. Keviczky, F. Borrelli and G. J. Balas (Technical Report, University of

Minnesota,2004)
Tehngony _mmﬂ

3]

Tokyo Institute of Technology

<<
\

<
w

<
IN

(nonlinear model predictive control)
(robust model predictive control)
' ' (fast systems)

(hybrid systems) ﬂ

||

Tokyo I nstitute of Technology

HY STEL
Multi-Parametric Tool box

3]

HYSDEL

Tokyo I nstitute of Technology

Hybrid System Description Language (HY SDEL ) ver.2.0.5
http://control .ee.ethz.ch/~hybrid/hysdel/

(Hybrid Discrete Automaton)

If-then-else

‘ Mixed Logical Dynamical (MLD) )
X(t+1) = Ax(t) + Bu(t) + B,o(t) + Bz(t)
y(t) = Cx(t) + Du(t) + D,o(t) + D,z(t)

E,o(t)+ E;z(t) < Eu(t) + E x(t) + E I
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Tokyo | nstitute of Technology
IMPLEMENTATION{

AUX{ REAL Fel, Fe2, Fe3, Fe4, Fe5, FeR, wl, w2, w3, w4, w5,

BOOL dPWL1, dPWL2, dPWL3, dPWL4; }
AD{

dPWL1 = WPWL1 - (W1 +W2 + w3+ wé + W5 +WR) <= 0; }
DA{

Fel = {IF gearl THEN torque/ speed_factor * Rgearl};

w1 = {IF gearl THEN speed / speed_factor * Rgearl};

DCel = {IF dPWL1 THEN (aPWL2 - aPWL1) + (bPWL2 -bPWL1) * (W1 + w2 + w3 + w4 +wR)}; }
CONTINUOUS{

position = position + Ts* speed;

speed = speed + Ts/ mass* (Fel + Fe2 +Fe3 +Fed +Fe5 + FeR - F_brake - beta friction * speed ) -g *slope; }
OUTPUT{

position_y = position;

speed_y = speed;

w_y =wl+w2+w3+wad+w5+wR; }
MUST{

-wl <= -wemin; wl <= wemax; -w2 <= -wemin; w2 <= wemax;

“torque - ( @PWL1 + bPWL1 * (Wl + w2 + W3 + W4 + W5 +WR)) <= 03}

] _mmﬁ
Technolooy

~
~

Rl HYSDEL Rl HYSDEL
Tokyo | nstitute of Technology Tokyo | nstitute of Technology
F.D. Torrisi and A. Bemporad,
SYSTEM car{ SYSTEM ca{ HY SDEL — A Tool for Generating Computational
INTERFACE{ INTERFACE{ Hybrid Models for Analysis and Synthesis
STATE{ } STATE{ Problems, Technical Report: AUT 02-03, ETH,
INPUT( } REAL postion [-1000, 1000]; Zurich, 2002,
REAL speed [-50*1000/3600, 220+ 1000/3600]; }
OUTPUTY{ } ot 5
PARAMETER{ } REAL torque [-300,300]; ( )
} REAL F_brake [0,9000];
IMPLEMENTATION{ REAL slope [0, 1];
CONTINUOUS{ } BOOL gearl, gear2, gear3, geard, gear5, gearR; } p(t +1) - p(t) +TSV(t)
OUTPUT{ } ouTPUT{
MUST{ } REAL position_y, speed_y, w_y; }
AUX{ ) PARAMETER{
REAL mass = 1020; v(t+1) = f(t)
AD{ } AD eg x<0sd0=1 REAL Ts= 05,
PA{IF THEN } DA eg. IF§=1THEN x=1000 REAL =958
LOGIC{ } REAL beta friction =25;
} REAL Rgearl = 3.7272;
} REAL Rgear2 = 2.048; }
Rl HY SDEL Rl HY SDEL

Tokyo | nstitute of Technology
IMPLEMENTATI]  SYSTEM ca{
AUX{ REA] INTERFACE(

BOOL dPWL STATE{
AD{ REAL position [-1000, 1000];
dPWL1 = wPY REAL speed [-50*1000/3600, 220* 1000/3600];

AN Tt Mixed Logical Dynamical
={IFgear REAL torque [-300,300];
wi ={IF gear REAL F_brake [0,9000]; (MLD)
DCel = {IF dF REAL slopel0, 1];
CONTI NQOUS{ | BOOL gearl, gear2, gear3, geard, gear5, gearR;
:z;m_: Z OUTPUT{
OUTPUT{ & REAL position_y, speed_y, w_y; }
position y=p|  PARAMETER(
spesd y = sped REAL mass = 1020;
wy=wl+w REAL Ts=05;
MUST{ REAL g= 938,
-wl <= -wemi REAL beta friction =25;
-torque - ( aPV REAL Rgearl = 3.7272;

} REAL Rgear2 = 2.048; }

} }
Tﬁkiﬁmgw J §§7T§hﬂ Fuiita Laboratorv 88

|| HY SDEL

Tokyo Institute of Technology

Piecewise Affine (PWA) Plugin: hys2pwa 1.1.3

Mixed Logical Dynamical
X(t+1) = Ax(t) + Bu(t) + B, (t) + B,z(t)
y(t) = Cx(t) + D,u(t) + D,4(t) + D,z(t)
E,o(t)+ E;z(t) < Eu(t) + E x(t) + E
hys2pwa
http://control .ee.ethz.ch/~hybrid/hysdel/hysdel.msql

Piecewise Affine .
X(t+1) = Ax(t) + Bu)+ f.  if {X()}eoi, el

u(t)

Technolooy _mmﬁ

3]

Multi-Parametric Toolbox

Tokyo Institute of Technology

Multi-Parametric Toolbox (MPT) ver.2.04

IfA
URL  http://control.ee.ethz.ch/~mpt/

* MATLAB
*LPsolver (.| inprog (MATLAB)

* CDD (Free)

* CPLEX (Commercial)

* NAC solver (Commercia)
* SeDuMi

Technology _mm
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m Tokyo I nstitute of Technology
4, =1
X(t+1) = Ax(t) + Bu(t) @], = x"Qx
y(t) = Cx(t) + Du(t) @] = max|Qx

N-1
Ju(x@) = min [Qux[ + 2[R +[Qx], T {200}
lo UN-1 k=0

x.€ X, Vkefl...,N}

ueU, vkefl... N-1}

Xy € X

Xy = A% +Bu,, x(0)=x, Vke{l.., N}

_mmﬂ

Technology

3]

JL(X(0)) = min

x € X, vkefl..,N}
ueU, VkefL..,N-1}
Xy € X

= Ax +Bu,, x(0)=%, Vkefl...,N}

N-1
Xy H| +§HRUKH| +HQXKH|

Tokyo I nstitute of Technology

GU, <W+Ex(0)

J5,(x(0)) = X (0)YX(0) + ngin{ug HU,+X (OFU,}

UN:[ug,...,uL_l]T

_mmﬂ

U m Example 1
J5,(x(0) = xT(O)Yx(0)+nU1in{u; HU, +X (OFU,}
11 0
GU, W +Ex(0) X(t+1) = [O Jx(t) _{Ju(t)
Uy = [UJ,~~~,UL71]T
0= Yo+ 2|
(Explicit) YO0 1 0
UL (x(0)=F.x(0)+G, if x(0)eP ={xe R"|H, x< K,} mln Z +HUkH
Subject to -5 < <
A.Bemporad, M. Morari, V. Dua and E.N. Pistikopoulos (Automatica, 2002)| —_5|" X() < 5
F. Borrelli (Constrained Optimal Control of Linear and Hybrid Systems, 2003)
-1<u(t) <1
U Example 1 m Example 1
X(t+1) = 1 }x(t){ }u(t)
L0 m|n Z +HukH
r1 probStruct.norm=2;

sysStruct. A=[1 1,0 1];
sysStruct.B=[0;1];
sysStruct.C=[1 0;0 1];
} sysStruct.D=[0;0];

y(t) = }X(t) { }U(t)
: } < x(t) s{

=)

[63]

-1<u(t) <1 sysStruct.umin=-1,
sysStruct.umax=1;
# sysStruct sysStruct.ymin=[-5 -5]';

sysStruct.ymax=[5 5]"; V

_mmﬁ

Technology

probStruct

=

probStruct.Q=eye(2);
probStruct.R=1;
probStruct.N=5;
probStruct.xObunds0=0;
probStruct.subopt_lev=0;
probStruct.P_N=0;
probStruct.Tconstraint=0;

Technology

_mmﬁ
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[X,U,cost,trajectory]=mpt_plotTrajectory(ctrl Struct)

Technology

Closed-Loop Trajectory for initial state [7.9563,-4.0268]

MATLAB command window

Rl Example 1 Rl Example 1
— Tokyo | nstitute of Technology — Tokyo | nstitute of Technology
ctrlStruct
sysStruct
probStruct mpt_plotPartition(ctrl Struct)
4
3
A
[ctrIStruct]=mpt_Control (sysStruct,probStruct); Fl
%,
# ctrl Struct I
* ) Controller partition
UL (X(0)=FX(0)+G, if x(0)cPR ={xe R"|H,x<K| with 13 regons.
do 8 6 -4 2 0 2 4 6 8 10
X
Teigoy _mmﬂ Temgony
Rl Example 1 Rl Example 1
— Tokyo | nstitute of Technology — Tokyo | nstitute of Technology
probStruct.subopt_lev=2; [X,U,Y,D,cost,trgjectory,feasible]
. = mpt_computeTrajectory(ctrl Struct,[8;-4],10)
4 [ ] ;
u
3 10 N
08
] 5 I\ o |
% 02 \
0 \
-1 — 0 \ —
L /{ -0.
-5 -0.
-0.
A4 ‘ ‘ Controller partition -10 '?-1
ith 3 regi
o 8 6 -4 2 0 2 4 6 8 10 " reglons. 0 2 4 6 8 0 0 2 4 6 8 10
X
BT _mmﬂ Toige  fime
Rl Example 1 Rl GUl
— Tokyo | nstitute of Technology — Tokyo | nstitute of Technology
GUI

‘mpt_studio’

Technology
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