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Predicate LogicPredicate Logic
xterm: 

ppredicate:
}F,T{)( ∈xpatomic formula:

Ex. 

A sparrow can fly. 

A swallow is a bird.

A cock is a bird.
p

p

p

x

x

x

each atomic formula value
is decided by selection of x and p

}F,T{

a proposition is denoted as an atomic formula )(xp
ipredicate index: )(xpi
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PredicatesPredicates

cardinality of P: 

(                        holds iff both and 
hold )

¬negation:
conjunction(“and”): T)(21 =∧ xpp
disjunction(“or”):
implication:

))(:( 2121 pppp ¬∧¬¬=∨
):( 2121 pppp ∨¬=→

)(2 xp)(1 xp

P

L

atomic formulae
each atomic formula is binary valued variable (ex. true or false)

P
set of predicate: P

)(|| xp P

set of atomic formula: }|)({:)( PpxpxP ii ∈=
predicate: },,2,1{, Pipi K∈

about term x

}F,T{)( ∈xpi

(                   holds iff                   hold)T)(1 =¬ xp

T)(2 =xp
T)(1 =xp

F)(1 =xp

∨
→

∧

Logical ConnectiveLogical Connective
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Truth TableTruth Table

x p1(x) p2(x)

x1 T T F T T T
x2 T F F F T F
x3 F T T F T T
x4 F F T F F T

)(1 xp¬ )(21 xpp →)(21 xpp ∨)(21 xpp ∧

Propositional Logic FormulaPropositional Logic Formula

ϕ

Propositional logic formula over set P of atomic proposition are 
formed using logical connective
propositional logic formula: 

ϕvalue of      in term x: }F,T{)( ∈xϕ

4321 ,,, xxxxformulae in term
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Terms  Terms  
Xset of terms: 

term: Xxm ∈
},,2,1{ Xm K∈term index: 

1x 2x

3x 4x

M M

Modal OperatorModal Operator

may:
must:

X
Proposition on terms

is formula in  ϕ
)(Xϕ Xxx mm ∈∃= ,T)(ϕholds iff   

Xxx mm ∈∀= ,T)(ϕ)(Xϕ holds iff   

Xxm ∈
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1x 2x

3x 4x
M M

=:)(xϕ
T)( =mxϕ

holds iff there exists                   and

)(,T)( xFxx mm ∈∀=ϕ=:)(xϕ holds iff   

Rxx ∈),( 21

XXR ×⊆set of accessible relations:
Ex. ( x2 is accessible for x1 )

Fframe:
XRxxxxF mm ⊆∈= }),(|{:)(

))(( xFϕ

))(( xFϕ

),(: RXF =Frame:
FrameFrame

Modal OperatorModal Operator is formula in  ϕ Xxm ∈

Accessibility  Accessibility  

)(xFxm ∈
in this condition

may:

must:

1x 2x

3x 4x

ϕϕ

ϕ

Ex.

T)( 3 =xϕ
F)( 4 =xϕ

T)( 1 =xϕ
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TraceTrace

• irreflexive: in any x(k), 
• transitive: if                           and then
• connected: between any moments      ,  

Rkxkx ∉))(),((
Rkxkx ∈′))(),((

kk ′,

( ))0(xp

set of atomic formulae 
satisfied in the term:

( ))1(xp ( ))(kxpL ( ))1( +kxp L

Temporal Axiom about RTemporal Axiom about R

trace
kth term Xkx ∈)(

Rkxkx ∈′′′ ))(),(( Rkxkx ∈′′ ))(),((

Rkxkx ∈′))(),(( Rkxkx ∈′ ))(),(( kk ′,or                            or

)0(x )1(x )(kxL Lframe
trace

+
axiom

{ }},,1,0{,)(:)( PiTxpPpxp miim K∈=∈=

σ
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SemanticsSemantics

eventually: 
always:

Until

( ) ( ) ( )KK )()1()0( kxpxpxpσ =

)(σϕ
)(σϕ

holds iff

( ) ( ) ( ) 0,)()1()(][ ≥+= jkxpjxpjxpjσ KKK

LTL OperatorLTL Operator
0T,])[( ≥∃= jjσ Kϕ

)(σϕ holds iff ( ) T)0( =xϕ
is formula in  ϕ Xxm ∈

holds iff 0T,])[( ≥∀= jjσ Kϕ
next: 
until:

)(σϕ holds iff T])1[( =Kσϕ
holds iff                                       and)(21 σUntilϕϕ 0T,])[( 222 ≥∃= jjσ Kϕ

T,])[( 11 =Kjσϕ for all 210 jj <≤LTL FormulaLTL Formula

},{)( FTσΦ ∈ΦLTL formula ϕ Until¬ ∨ →∧
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Vending MachineVending Machine

},,_
,_,_{:

},,,{:

21 rrbeerget
sodagetcoininsertU

beersodaselectpayX
=
=

pay

select beersoda
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎯⎯⎯ →⎯
⎯⎯⎯ →⎯

=
M

paybeer
selectpay

T get_beer

ninsert_coi

:

coininsert _

1r 2r

sodaget _
beerget _

Desired PropertyDesired Property

“The Vending Machine only delivered a drink after providing a coin”
},{: drinkpaidP =

},{:)(
},,{:)(

},{:)(,:)(

drinkpaidbeerL
drinkpaidsodaL

paidselectLpayL

=
=

== φ}{}{: paidUntildrinkΦ ¬=

initial

}{: payX in =

T)( =ΓΦgoal

initial state
state
input

transition
relation

predicate
labeling
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ExecutionExecution

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

⎯⎯→⎯⎯→⎯⎯→⎯⎯⎯→⎯
⎯→⎯⎯⎯→⎯⎯→⎯⎯→⎯

⎯⎯→⎯⎯→⎯⎯→⎯⎯⎯→⎯

M

K

K

selectpaybeerselectpay
beerselectpaysodaselect

selectpaysodaselectpay

coingetrcoin

rcoingetr

coingetrcoin

2

21

1

),,,,,( LPXTUX in:Γ

execution

system model

path in

path Kselectpaysodaselectpay

Γ

pay

select beersoda

coininsert _

1r 2r

sodaget _
beerget _

initial

=Γr

trace =)( Γrtrace K)()()()()( selectLpayLsodaLselectLpayL
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TracesTraces

Paths

pay

select

soda beer

pay

select

soda beer

pay

select

soda beer

path

M M M M

Traces

φ

paid

drpa, drpa,

φ

paid

drpa, drpa,

φ

paid

drpa, drpa,

trace

M M M M

}),({:)( inXxxPathsΓPaths ∈=

))((:)( xPathstracexTraces =
U

inXx

xTracesΓTraces
∈

= )(:)(
:)(xPaths set of all paths start from x

L

T)( =ΓΦSemantics of LTL over Paths iff       is satisfied
)(ΓPathsrΓ ∈∀

Φ
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),( uxfx =&

Plant ModelPlant Model

Simplified Plant ModelSimplified Plant Model

Xset of states:
set of inputs:
transition relation:
set of initial states:
set of predicates:
labeling function:

Xx ∈state: input: 

transition function

1x 2x

3x 4x

1u

2u

}))1(),(),((|
)1({:

Tkxkukx
kxf

∈+
+=

x

set of satisfied atomic
formulae:

p

)(ku

))1((
),1(
+

+
kxL

kx

L

U
XUXT ××⊆

P
XX in ⊆

PXL 2: →
Uu ∈

Pp ⊆
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Transition SystemTransition System

),,,,,( LPXTUX in

:2:
:

:
:

:
:

P

in

XL
P

XX
XUXT

U
X

→

⊆
××⊆

set of states
set of inputs

transition relation
set of initial states

set of predicates
labeling function

transition system

Transition RelationTransition Relation

⎭
⎬
⎫

⎩
⎨
⎧

=

=
=

),,(
),,,(

:

},{:
},,,{:

41

21

4321

xbx
xax

T

baU
xxxxXx1 x2

x3 x4

a

b

Atomic FormulaeAtomic Formulae
},{: 21 ppP =

x x1 x2 x3 x4

L(x) ↓

p1 T F T F
p2 T T F F

:2: PXL →

:Γ

system model is simplified to 
discrete valued valuable model
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Path and TracePath and Trace

)0(x )1(x )2(x )3(x )4(x

PXL 2: →

)0(p )1(p )2(p )3(p )4(p

path

inXx ∈)0(

projection

))(()( kxLkp =satisfied predicates

trace
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TracesTraces

Paths

)0(x

)1(x

)2(x

path

M M M M

Traces

)0(p

)1(p

)2(p

)3(p

)4(p

)5(p

trace

M M M M

}),({:)( inXxxPathsΓPaths ∈=

))((:)( xPathstracexTraces =
U

inXx

xTracesΓTraces
∈

= )(:)(
:)(xPaths set of all paths start from x

L

T)( =ΓΦSemantics of LTL over Paths iff       is satisfied
)(ΓPathsrΓ ∈∀

Φ

)3(x

)4(x

)5(x
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GivenGiven
LTL formula Φ: desired behavior
system model    : plantΓ

u
GoalGoal

derive strategy to determine     satisfied Φ
from an algorithmic framework

))(),(()1( kukxfkx =+u
strategy x pL

Φ

px,

)0(x

)1(x

)2(x

path

M M M M

)0(p

)1(p

)2(p

)3(p

)4(p

)5(p

trace

M M M M

L

)3(x

)4(x

)5(x
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Camera NetworkCamera Network

camera
target

area

“All Target should be zoomed before go out from the area”

left side right side

outside
door

desired behavior

system model
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N. Ozay et al. [1]
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RuleRule
1. At each time step a target either remains in the previous cell or 

moves to a neighboring cell
2. Every target always eventually exits the area
3. Every target can exit and enter through designated doors
4. A target remains in the area at least K time step
5. There could be at most N targets on each side of the area
6. The camera zooms into single cell
7. Once a target is zoomed-in, image of the target is taken
8. After a target goes out from the area, the image is deleted

GoalGoal
“All Target should be zoomed before go out from the area”
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N. Ozay et al. [1]
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StateState
Area
Cell Position },,,{: 1221 cccC K=

1c

2c

3c

4c

12c
Left Camera Area

},,,{: 621 cccCl K= 6c

7c

Right Camera Area
},,,{: 1287 cccCr K=

Target }2,,2,1{ Ni K∈
Target i ’s position at time k }{)( 0cCkai U∈

0coutside

Number of time step target i remains }3,2,1,0{)( ∈kni

Camera zoom position at time k jj Ckz ∈)(
Camera },{ rlj ∈

1 2 3
4

Ex. at time k
21 )( cka =
04 )( cka =
2)( ckzl =

Target and Camera

),,,,,( LPXTUX in:Γ
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Zoomed Image

}{)( 0cCkai U∈
}2,,2,1{ Ni K∈

}3,2,1,0{)( ∈kni

jj Ckz ∈)(

},{ rlj ∈

},,,{: 1221 cccC K=

},,,{: 621 cccCl K=
},,,{: 1287 cccCr K=

( ) ∏∏ ×××=
j

j
i

CcCX }{}F,T{}3,2,1,0{}){(: 0U

Xkx ∈)(

Taken image }F,T{:)( =kisZoomedi

),,,,,( LPXTUX in:ΓStateState

State

))(),(
),(,),(

),(,),(),(
),(,),(),(()(

21

221

221

kzkz
kisZoomedkisZoomed

knknkn
kakakakx

rl

N

N

N

K

K

K=

( ) ∏∏ =××=
j

jp
i

e CXcCX }{:,}F,T{}3,2,1,0{}){(: 0U
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RuleRule

2. Every target always eventually leaves the area

0, )(: ckaΨ iil ==
4. A target remains in the area at least K time step

( ) ( )( )00, )())(())((: ckaKknckaΨ iiiir ≠→<∧≠=

6. The camera zoom into single cell
( ) },{)(:, rljckzΨ ljCljc j

∈=∨= ∈ for

1. At each time step a target either remains in the previous cell or 
moves to a neighboring cell

=:,ixΨ ( ))))((())((}12,,1,0{ liLlmim ckacka
m

=∨→=∧ ∈∈ K

mL : the set of the cells target is allowed to move from mc

and rule 3, 5

),,,,,( LPXTUX in:Γ

( ) ( )( )[
( ) ( )( )])3,1)(min())(()(

0)()(

0

0

+=→≠
∧=→=

knkncka
kncka

iii

ii=:,ikΨ
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))(())(()(: 00,2

kisZoomed
ckackakisZoomedo

i

iiii

→

≠∧≠∧=

N. Ozay et al. [1]
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RuleRule
7. Once a target is zoomed-in image of the target is taken

( ) ( ))())()(())()((:,1 kisZoomedkzkakzkao irilii →=∨==

( )
( ))(

)())()(())()((:,3

kisZoomed
kisZoomedkzkakzkao

i

irilii

¬→

¬∧≠∧≠=

( ) ( ))()(: 0,4 kisZoomedckao iii ¬→==

innio oΨ ,}4,,1{, : K∈∧=

, and rule 8
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Initial StateInitial State
( ) ( ) )(0)()(: 0, kisZoomedknckaΨ iiiiinit ¬∧=∧==

))((
))(())(())((: 00

kisZoomed
ckakisZoomedckaescape

i

iiii

¬
∧=∧¬∧≠=

GoalGoal
Escape

Goal ( ))(: }2,,2,1{ kescapeΨ iNig ¬∧= ∈ K

FormulaFormula

( )iinitioikirilixNie ΨΨΨΨΨΨΦ ,,,,,,}2,,2,1{: ∧∧∧∧∧∧= ∈ K

),,,,,( LPXTUX in:Γ

rclcgs ΨΨΨΦ ,,: ∧∧=
se ΦΦΦ →=:Desired Property sΦ is satisfied in Γ

“All Target should be zoomed before go out from the area”

),,,,,( LPXTUX in:Γ

: environment 
assumption : desired system behavior
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27

Camera NetworkCamera Network

camera
target

area

left side right side

outside

controllable input:
not controllable:

pX
jj Ckz ∈)( },{ rlj ∈

)(),(),( kisZoomedknka iii }2,,2,1{ Ni K∈ eX under rule
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Camera NetworkCamera Network
plant(controllable): camera, environment(not controllable): target

pu
strategy

eu

Plant Enviro
nment

GoalGoal
derive strategy to determine     satisfied Φ under any 

from an algorithmic framework
pu

formula Φ: desired behavior

Desired PropertyDesired Property

“All Target should be zoomed before go out from the area”

eu

ΦΦ ¬
px,

or

Γ
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Centralized control strategy synthesisCentralized control strategy synthesis

)( se ΦΦΦ →
s

e

Φ
Φ : environment assumption 

: desired system behavior

( ) p
i

iiip XkisZoomedknkakxxxftu ∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −= ∏ )()()(),1()1()0()( K

derive strategy, satisfied formula

formula iff

)0(x

)1(x

)2(x

path

M M M M

)0(p

)1(p

)2(p

)3(p

)4(p

)5(p

trace

M M M M

L

)3(x

)4(x

)5(x
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}{)( 0cCka jji U∈
}2,,2,1{ Ni K∈

}3,2,1,0{)( ∈kni

jj Ckz ∈)(

},{ rlj ∈
},,,{: 621 cccCl K=
},,,{: 1287 cccCr K=

( ) }{}F,T{}3,2,1,0{}){(: 0 j
i

jj CcCX ×××= ∏ U

jj Xkx ∈)(

Distributed StateDistributed State
State

))(
),(,),(

),(,),(),(
),(,),(),(()(

21

221

221

kz
kisZoomedkisZoomed

knknkn
kakakakx

j

N

N

Njjjj

K

K

K=
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Centralized control strategy synthesisCentralized control strategy synthesis

Distributed control strategy synthesisDistributed control strategy synthesis

)( se ΦΦΦ →
s

e

Φ
Φ : environment assumption 

: desired system behavior

( ) p
i

iiip XkisZoomedknkakxxxftu ∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −= ∏ )()()(),1()1()0()( K

derive strategy, satisfied formula

formula

)( se ΦΦΦ →=property

)( se ΦΦΦ →=global property
derive distributed strategy, satisfied global property

iff

( ))(),()( tututu plprp =

( ) pl
lefti

iiilllpl XkisZoomedknkakxxxftu ∈−= ∏
∈

))()()(),1()1()0(()( K

( ) pr
righti

iiirrrpr XkisZoomedknkakxxxftu ∈−= ∏
∈

))()()(),1()1()0(()( K
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Let Φe, Φel, Φer, Φs, Φsl, and Φsr be LTL formula that contain 
variables of only from the respective sets of not controllable varibales 
Xe , Xel , Xer and system variables X , Xl , Xr. Let Xp , Xpl , Xpr be the sets 
of all controllable variables in X , Xl , Xr that satisfy

If the conditions: 
• any execution of the environment that satisfies Φe, also satisfies 

• any executions of the system that satisfies               , also satisfies Φs
• and, there exist two control protocols that make the local 
specifications                      and                       true, 
hold, then implementing these two control protocols together would 
lead to a system where the global specification                 is met

Proposition 1.[1]

φ== prplpprpl XXXXX IU ,

erel ΦΦ ∧
srsl ΦΦ ∧

)( slel ΦΦ → )( srer ΦΦ →

)( se ΦΦΦ →≡
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Distributed synthesisDistributed synthesis

)()( lslelr ΨΦΦΨ ∧→∧′

distributed property

)(tu pl

)(tupr)()( rsrerr ΦΦΨ ψ∧→∧′

distributed synthesis

using this input, 
desired behavior is satisfied

SummarySummary
uIn this way, derive distributed strategy to determine     satisfied Φ

from a distributed algorithmic framework

rr

ll

ΨΨ
ΨΨ

′→
′→

tautology
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cc-strategycc-strategy ),,,,,( LPXTUX in:Γ },{ IiPPi ∈⊆

),,,,,( ii
in
iiii LPXTUX:iΓ Ii ∈

Model each agent as a transition system

)0(x

)1(x

)2(x

path

M M M M

)0(p

)1(p

)2(p

)3(p

)4(p

)5(p

trace

M M M M

L

)3(x

)4(x

)5(x
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Global behaviorGlobal behavior
given a set of cc-strategies                                                      ,
we denote                                        
as the set of all possible sequences of propositions satisfied by the 
team 

},)3()2()1()0({ Iixxxxr iiiiΓ i
∈= L

}{||:}),({ iIiΓteam wIirl
i ∈=∈

A set of cc-strategies                 satisfies a specification given as an
LTL formula      if and only if               and               

Definition. satisfying set of cc-strategies [2]

},{ Iir
iΓ

∈
ϕ φ≠teaml )( ϕBllteam ⊆

implementability distributability
ProblemProblem
Given a team of agents represented by             ,
a global specification      in the form of an LTL formula over P and
a distribution                        , 

IiΓ i ∈,
ϕ

},{ IiPPi ∈⊆
find a satisfying set of individual cc-strategies },{ Iir

iΓ
∈
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SynthesisSynthesis
the global specification      over ϕ P

conversion

),,,,( FPQQB in δϕ =
which accepts exactly the language satisfying ϕ

We need to find a local trace      for each agent i such that
1.all possible sequences of propositions satisfied by the team while 
each agent executes its local trace satisfy the global specification
2.each local trace      can be implemented by the corresponding 
agent

iw

iw

ϕB
checking distributability checking implementability

decide       xi(0), xi(1), … of       iΓ=ir

)0(p

)1(p

)2(p

)3(p

)4(p

)5(p

trace

M M M M
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SynthesisSynthesis
given the converted global specification           
and the distribution                        

)( φBl
},{ IiPPi ∈⊆

Given a distribution                       and a trace          , we have

Proposition 1. [2]

},{ IiPPi ∈⊆

}|{||][
iPIi ww ∈=

Given a language              and a distribution                
if l is trace-closed language and         , then 

Proposition 2. [2]
∞⊂ Pl },{ IiPPi ∈⊆

lw∈ lw
iPi ⊆}|{||

∞∈ Pw

A trace-closed language is sufficient to find a set of local traces 
satisfying the distributability. 
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Trace-equivalentTrace-equivalent
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SynthesisSynthesis

Given a language              and a distribution                
if l is trace-closed language and         , then 

Proposition 2. [2]
∞⊂ Pl },{ IiPPi ∈⊆

lw∈ lw
iPi ⊆}|{||

Check whether           is trace-closed)( ϕBl
if the answer is positive, by Prop. 2 

an arbitrary trace from           can be used to generate suitable set of 
local traces by projecting trace onto 

)( ϕBl
iP
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Checking implementabilityChecking implementability

If a set of cc-strategies                  is a solution to problem, then the 
corresponding local traces       are included in

Proposition 3. [2]

},{ Iir
iΓ

∈
IiBl

i
∈∀Σ ,|)( ϕiΓ

r

Given the agent model     some of the local traces 
might not be feasible for the agent

iΓ

capture all the traces of               that can be implemented by the agent 
i

Bl Σ|)( ϕ
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If           is trace-closed, the set of cc-strategies                  satisfies 
and                            , where      is the corresponding  

trace of      generated by 

Theorem 1. [2]

)( ϕBl },{ Iir
iΓ

∈
φ≠∈ }{|| iIi w )(}{|| ϕBlwiIi ⊆∈ iw
iΓ iΓ

r

SummarySummary
In this way, derive distributed strategy satisfied φ.
In addition, from implementability there is input u to follow this 
strategy, so φ is satisfied by input u. 
Because this algorithmic framework consider all agents, it is not 
distributed framework. 
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GivenGiven
LTL formula Φ: desired behavior
system model    : plantΓ

u
GoalGoal

derive strategy to determine     satisfied Φ
from an algorithmic framework

))(),(()1( kukxfkx =+u
strategy x pL

Φ

px,
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