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Background - Network

n3 Network

is : traffic source
each source is associated
with a route r

.. . rate of source

2 route r’s transmission
n4 SIX .
U (2+) : the utility that the source

obtains from transmitting
data on route r at rate X,

n2
example Utility Maximization in Networks
iy Uy (zr) = wr log s Utility max Y Ur (ar)
Constraints [r1 < ¢y tlink 1 res
Z 4 2 < ¢y link2 Constraints IZGJ <¢ Viel
Tz + 23 < C2 :link 3 >0 Vres
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Background - Lagrangian

Concave function (=) Convex function
flz+@-ty)2tf @)+ 1 -t)f(y) acl0,1]]
Strictly concave function

Flz+ -0yl @+ -0 f@) ac©1)

a strictly concave function has
a unique maximum

Lagrangian
Lagrangian Utility constraints
m@mfiww-ZMmﬂm A >0
strictly concave r€S rler
strlctly concave convex
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Background — Karush-Kuhn-Tucker heorem

—

exampie N ) 2y o (1.2
H =(x; —1)° —9)? 2 ( » )
min F(x)= (21 —1)" + (22 ) nvex
constraints ¢, (x) =22 +42-2<0
——

e (x)=—x14+22<0

c3 (%) = —a2 <0 s

@

Vf(x*)—uiVer (x*) —usVes (x*)

=0
2(xf—1) rar 2} u -1 _ 0 +1 2 " -1 -0
2 (x5 —2) \azz ) 2\ —2) " 2\2 1
Karush-Kuhn-Tucker theorem

L(ZvA):ZUT(xT)_Z/\T(IT_CT) Ar20
TES rler
the optimal value =" and constraint’s grad is Linear independence,

then there exists constants )\, such that
OL (2*)/0x =0 Ar(Tr —cr) =0

—
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Primal Algorithm - example

| Primal Algorithm - rate-update functions at source side |
example
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Utility U, (z,) =log z,
link Penalty B (z) = 43 slink 1
By (21 4+22) = (21 + 22)°: link 2
not to exceed link capacity c, 1 Utility
@ Ur =logz,
[} Vr
V (z,) =logxy + log xo :Utility Cy 3
- {m‘f + (z1 + 12)2} Penalty V(@)
| We want to maximize V' (z;)

Primal Algorithm - example

V (z) =/logay + logzy — {T% + (z1 + 372)2}
strictly

strictly concave convex
concave

when V(x,) is maximum at point x; and x5,
Vi (&) = 1/} — (42} + 223) = 0
Vs (23) = 1/a5 —2(2] +23) =0

¢

Primal algorithm
.7./'1 = ]Cl (.’L’l) {1/1‘1 — (4:131 + 21’2)}
j?g = kz (’I‘z) {1/’1}2 -2 (.731 + ’1'2)}

kr(Xr): non-negative,increasing and continuous
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Primal Algorithm - example Primal Algorithm — Penalty function
Primal algorithm Network utility maximization problem
&1 = ki (z1) {1/21 — (41 + 220)} k(%) = 0.01 Vi(z) = ZU, () — ZB/ (y) Uy (x,) : utility (strictly concave)
X,) = 0.
To = ko (22){1/29 — 2 (21 + o res Iek = z, - the arrival rate on a link |
2 2 ( 2) { / 2 ( 1 2)} kZ(XZ) =0.01 @ Y E%:& T,
N9
:> X, = 0.3827 7’ - Penalty function
X, = 0.5412 3 - B,(.) increases when the arrival rate on a link |
. . j— & approaches the link capacity c
0s | o Bi(y)= [ [fi(y)dy
o1 0 congestion 1
% 10 2 30 4D S0 4 &0 o8 price function
1 T2
04 . - -
L) =1 <Z 1:) : increasing, continuous
Pl 0z sies/ function
b5 T B : convex function
L % 0z 04 06 08 [ n
Primal Algorithm Outline
D U (@)D B HEV @ =D %
s:il€s
€s leL :
strictly concave convex  strictly concave * Background

the condition of miximization Vv ()

V/(z,) =Ul(x) = Y fi <Z z) =0, r€8

Liler s:il€s

@ drive x towards the solution of Vv (z)

Primal algorithm

o P ) {[]/ (@) Z 1 <Z 1) } ky (x,): non-negative,increasing
siles

- and continuous
L:ler

drive x, towards the direction of ascent
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Dual Algorithm - example

Dual Algorithm - price-update functions on each of links |

example
Utility U, (z,) = w,logx,
Link capacity

T < C link 1
Ty + @3 < ¢z :link2

Lagrange dual
D (p) = max_(w;logz; + walogxs)
{z,>0}

—p1 (21 = Cl)co_né)t?a(lﬁtls+ 2 — ) Py : Lagrange multiplier

The Dual problem

D
min D (p)

Dual Algorithm - example
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Lagrange dual
D (p) = max (w;logzy + wslogza)
{z->0}

—p1 (x1 —c1) = p2 (z1 + 22 — C2)

The Dual problem W
p2

oD
—=—(LE1—61)[ZO
calculate 2—D |i> g]l’)l
o —=—(z14+22—02) >0
Jpa

We need to descend down to gradient D (p) !
Dual algorithm N
p1 = (1 —c1)p, ’:> _ _@r
= (1 + 29 — cz);r2 Zl b

Yy —a p >0
(i — ey = {

max (y; —¢,0) p =0
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Dual Algorithm - example
Dual algorithm
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o F
p= (Ll—(l) . Wr

—_F =
P2 = (21 + 22 — 2),, 2

c, =1.0 1!

¢, =15 ”

2,=10 e w w
w,=3.0 ' f-" -

ua, >
@ “ mtmou

x = 0.3750

X, = 1.1250

p, = -1.2723e-013 o
2.6667

P, =

[ ¥ oJ oe a5 os 3 i 0 B :n
ko sttt of Technolagy

Dual Algorithm
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resource allocation problem

utility max E U, (x,) constraints > z. <a| - ver
a res der
20 NVre S

Each link has a capacity

The Lagrange dual

D(p) = max 3 U (ar) ZP' (Z @ C'>J

s:l€s

costraints
@ i : Lagrange multiplier
The Dual problem  min D (p) price
p=0

To find the direction of a gradient descent, we need to know g—f
l

Dual Algorithm

0D oU*
Before derive —, we calculate — and
o oz, Iy
‘1) v) = max ZU (22) ZM (Z ;,:,7,.,> o= Z n
s:le

Lie
(’)TT The price of foute r

E "’;f’ —U ) =0 B U () O =
0D U'(z) - PSS
8_T’l_ z Ul/(l,) (y =) szz U”( ) ’yl ZI

s:l€s
riler riler The load on link |

=aq—y>0
@ We need to descend down to gradient D (p) !

Dual algorithm

p=h(@-c) >0
= w—a)f = Yy —a p >0
z =U; (ar) il max (y; — ¢;,0) pr =0
p, increases when the arrival rate is larger than the capacity
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Primal-Dual Algorithm
Primal Dual
rate-update functions price-update functions

at source side on each of links

Exact form of the update were different in the two cases!

in wireless network,
interference among various
links necessitates scheduling
of links

scheduling
R;;: time of rate

[ Primal-Dual Algorithm ]

Primal-Dual Algorithm
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| Primal-Dual Algorithm - flow base functions |

a beginning node b(f) b(f
each flow has {a endingnode () ()

Ri?](i) : inflow rate (destination d at node i)
Z Ri = Z Rji

R0 ) outflow rate (destlnatlon d at node i)

; Ry = ; R, e(f)

the arrival rate is less than the departure rate
Rm(1) < Rmn‘(1

Primal-Dual Algorithm example
Utility U, (z,) = wylog z,
Constraints  1—-3 ) < Rgmm
3=2 20 < R? ..
23 2 = fout(3)

3 3
B2y < Rounz

Lagrange function

‘ log log ili
e {wi log 7 +w230g12 Utility
—p13 (-’m - R'ou,f(n)
—pa2 ( To — Rim(3>) constraints

3 3
—P23 (Ru.(z) - Rout(2))}

@ Decoupled

Primal-Dual Algorithm example
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:> max {w; logz; + wsy log xo — p1371 — 322}
>0

ne congestion control probiem

+'r“,‘313 {PHHUM ‘1’%-’Hmu(s) + P23 (Hl:ul(.!) - ‘l‘):,;u(z))}
= the scheduling problem

Primal-Dual Algorithm

the dual algorithm
at each { node i
destination d

. 3 +
pis = (1= R
(1) o
D32 = (TZ - Ri;r(:&))f
D32

Doz = (R?n(z) - Rim(z))
Z s

the primal algorithm
at each source f

{ &y (t) = w1 /x1 — P13

@y (t) = wa /T2 — P32

P23

\. v
calculated at each time instant by solving the scheduling problem E
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Primal-Dual Algorithm

the optimization problem m ) Ti
. Rodi)
mil}%goz Uy (xy)
each flow constraints no Rl
iod R;in(i) + Z zf < R;’m(i) Vnodes i,d # i RS i)

I:b(f)=t.e(f)=d

% g n3
Lagrange function

max ZUf zf) Zzpm( in(i) +Z zf— nul(i))

@, R>0 -
i dsi I:b(f)=d

Decoupled @
ma\{be xy) Zz)h f),lf}+7111\{22/) ( R¢ _7/':"","‘,” )}

7T R’s terms

Pia: Lagrange multiplier

Xi'S lerms
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Primal-Dual Algorithm
Lagrange function

max {Z Uy 1/ Z Po(f)ilf }+111ax {Z Zpld ( in(i) — nu,m)}

the congestion control problem
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Primal-Dual Algorithm to solve the congestion control problem
the primal algorithm the dual algorithm

at each source f ateach | node i

~N

&y (8) = Ul (xf) = Dofre(n)|| pua = { 3 () + R /}
f:b(f)=i.e(f)=d A y

calculated at each time instant by solving the scheduling problem
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Power network

M _,ﬁ? purpose
to supply each building demands
Ua2 Ub2 U2 for energy r;

Uq1 Upy Uet constraints

|_> 0 |_> f r i Uq2 + Up2 + Uc2

— lﬂta@ um wx e + Ua3z +up3 + Uz < M

u, Ups Ul
n%\/ h.i\} (d\/ battery
e f g B = —Ulg Uy, @] <my
Utility function
purpose battery

)
S

.
min E quilexp (wir + wio + wig — wjy — v} +
wi2>0,uis
ima

T T

exp [ m; —/u,gdl +/ wjgdt
Jta to

T ﬁ

—

Power network
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constraints
M ]| energy to building line to charge battery
Ua2 + Up2 a7 Ry < Rom(a)
Ua2 (U2 U2
+ Ue2 + Ua3 bt P?/m(b) < Rout(b
Uq1, b1 [e1

|—> |—> b |—> r
_— = uhggsﬁ Ues

ul: U Ups
“J, b.i\} NP
SE B 8

Lagrange function

e

+up s <M T8 Rinio) < Rousco)
battery to building energy to charge battery
e—a 3 < R d=e  pas < ROypa

out(a)

3N — f
=b “b‘sSRouzm T um < Ro)

g=c ULy < RSy || 99 ﬁi 3 < R;m(d

T T
" 1>“ " Z {[]17 exp (w1 + w2 + w3 — ufx —1i) + go; exp (ml ~/u,_111t +/ ufxdt) }

*Pl(z Wip Zu,; = \l) Z {II)'(R}in(:f Rin/(?))"’ P3i (uf;, n",(]))} Zl"’("" = MWJ)

i=a,j=e

Tokyo Insttute of Technology

i=a,j=e

N

Power network

Tokyo Isttute of Technology

e 7 =
the primal algorithm

|:> min E (qui exp (win + win + Wiz — Uy — 1)
wiz>0,143 /

i=a

T T
+q2i €xp (m, 7/ w;zdt +/ uf,;df) — {p1(wiz + wiz) + psittiy +1)4,u,v;})
to to

the cong stion control proble
“"“ Z 1”1 711(7) mu() +l’31Romm+1’4’Rom(d)

i=a,j=

Primal-Dual Algorithm

the dual algorithm

ui2 + Zu,z = 1\1>

. /
Tia = q1i xp (Uit + Uiz + Uiz — Uiz — T3) — P1

. ,
iz =qu; exXp (Wir + Wiz + Uiz — Wiz — Ti) — P1 — Pai

T T
+ q2i (wisle, — wis|r) exp ("h —/ wizdt +/“::xdl>
to Jitg

iy )
Uz =qu; exp (win + iz + sz — Uiz — 1) — Pa;

T T
+ qoi (wis|t, — uis|T) exp (m,‘ —/ulgdl +/ u;.ddl)
to ty
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P
+

in(i) Du!(r))

Uiz ouv(J))

Pai =

(
= (R,
= (-
(

Uiz — oul(]))




