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Review (Game theoretic approach)

2

Local objective function

Global objective function

agents

iA :Action set

Local objective function RAU i →:

ipp AA
i∈

∏= :set of joint action

Control design 1. Designing the player objective function
2. Learning dynamics (repeated game)

(ex)single stage memory dynamics

),,,,,,( 1121 niii aaaaaa LL +−− =
joint action    ),( ii aaa −=
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Review (Potential game)

3

Global planner ℜ→A:φ

Make player’s objective function

aligned

),(),( '''
iiiiii aaUaaU −− −

),(),( '''
iiiiii aaaa −− −= φφ

Changing in the  player’s objective 
function

Changing in the  potential function

(potential function)

＝

iU

Every agent  select  an action to maximize their objective 
function
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∑ ≠
+

=
mk kkm

mmm
m PhN

PhPSINR
0

)(

background

Base  station

CDMA  system

mobile

Mobiles’ rates

The signals of other users 
are noise

))( 1log()( PSINRPr mm γ+=

Maximize net utility

mmpccost

rate

net utility
mmmmm pcprpu ζ−= )()(

Base  station

Transmit 
information
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approach

Object : 

Situation :  Self interested

Interfere with each other

Thinking  of 
Maximize  own 
utility

Design of power control 

rate cost
Tradeoff Centralized optimization problem

with full information
difficult for complex

Potential game approach 
Original game Approximation game 

General distributed power control
mmmmm pcprpu ζ−= )()(

Best response dynamics

Converge within neighborhood
of the optimal operating point Converge to the optimal operating point

Set optimal price
*c

g g~
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model

},,1{ MM L=
mobiles

},,{ 1 MppP L=
Power allocation

SINR

∑ ≠
+

=
mk kkm

mmm
m PhN

PhPSINR
0

)(

kmh :gain between user k and transmitter 
m’s base station

kmh

m

k

))( 1log()( PSINRPr mm γ+=
mmpccost

rate

mp : transmission power

mmm ppp ≤≤≤ min0

Objective function (net utility)

mmmmm pcprpu ζ−= )()(

User specific rate vs money
Tradeoff coefficient
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Power game (definition)

),~(max~ mmmPp
ppu

mm
−∈

Self interested
Power game

>=< ∈∈ MmmMmm puMg }{,}{,

Nash equilibrium (NE)

),~()( mmmm ppupu −≥ Mmpp mm ∈∀∈∀ ,~

Nash equilibrium −ε
ε−≥ − ),()( mmmm pqupu Mmpq mm ∈∀∈∀ ,

System Utility  
Central planner wishes to impose some performance objective 

)(max 0 pU
Pp∈

(ex) ∑=
m m prpU )()(0

Sum rate objective

Optimal solution *p (desired operating point)

m’s objective function m’s action set
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Modified utilites

))( log()(~ PSINRPr mm γ=

mmmmm pcprpu ζ−= )(~)(~
modified Utility  ))( 1log()( PSINRPr mm γ+=

Approximation is good
Spreading gain 

or
1 >>γ

mkmm hh >>

∑ ≠
+

=
mk kkm

mmm
m PhN

PhPSINR
0

)(

Potential game

>=< ∈∈ MmmMmm puMg }{,}~{,~

mm
m

mm pcpp ∑ −= ζφ )log()(
Can make potential function

)),(~),(~),(),(( mmmmmmmmmm pquppupqpp −−−− −=−φφ
Strictly concave       unique NE
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Assigning prices

Assigning prices     to coincide with NE of      andg~ *p*c

[Theorem]

mmmmm pcprpu ζ−= )(~)(~

Let       be the desired operating point .Then the prices     are given by
*p *c

1** )( −= mmm pc ζ Mm∈

(proof) )(pφ Strictly concave       unique NE

Maxima of           is NE)(pφ

*

11

mmm ppp
−=

∂
∂φ

mm
m

mm pcpp *)log()( ∑ −= ζφ
1** )( −= mmm pc ζ*pp = 0=

∂
∂

mp
φ

*p Global maximum of the potential
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Near optimal dynamics

is not NE of the game    with g*p *c
*pConverge neighbor of       ?

Best Response dynamics

),(maxarg)( mmm
Pp

mm ppup
mm

−
∈

− =βBest Response 

most  good action for user  m

))(( mmmmm pppp −+← −βα

mmmm ppp −= − )(β&

α is small

g~
*p*cc =

BR
with Converge to

(Lyapunov analysis)

How about      ?g
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Convergence analysis

),(~maxarg)(~
mmm

Pp
mm ppup

mm

−
∈

− =βBest Response of  g~

),(maxarg mm
Pp

pp
mm

−
∈

= φ (From PG)

-equilibria of  g~ε }),(~),(~|{~ εε −≥= −− mmmmmm pquppupI

[Lemma]
The BR in     converge to g

εI~ ∑
∈

≤
Mm mSINRmin

11
γ

ε

∑ ≠
+

=
mk kkm

mmm
m PhN

PhPSINR
max0

min
min )(

(proof) φ ： maximum value of φ

0≥−= φφV ： Lyapunov function 
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proof

( ) ( )∑∑
∈

−−
∈

− −
∂
∂+−

∂
∂=−

Mm
mmmm

mMm
mmm

m

pp
p

pp
p

V )(~)()(~ ββφβφ&

( ) ( ) ( )mmmmmmm
Mm

mmm
m

ppuppupp
p −−−

∈
− −≥−

∂
∂∑ ,~),(~~)(~ ββφ

( )
γ

ξββφ m

mm
mmmm

m pp
pp

p ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≤−

∂
∂

−−
11)(~)(

min

( ) ( )( )
γ

ξβ m

Mm mmMm
mmmmmmm pp

ppuppuV ∑∑
∈∈

−−− ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−−≥− 11,~),(~~

min

&

∑
∈

−≤
Mm m

m

p
V

γ
ξ&

( ) ( )( ) ∑∑
∈∈

−−− ≥−
Mm m

m

Mm
mmmmmmm p

ppuppu
min

,~),(~~
γ

ξβ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= ∑

≠mk
k

mm

km

mm
m p

h
h

h
N0ξ
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proof

∑
∈

−≤
Mm m

m

p
V

γ
ξ&

( ) ( )( ) ∑∑
∈∈

−−− ≥−
Mm m

m

Mm
mmmmmmm p

ppuppu
min

,~),(~~
γ

ξβ

( ) ( ) ≤− −−− mmmmmmm ppuppu ,~),(~~ β ∑
∈Mm m

m

pminγ
ξ

Converge to this set from Lyapunov method

( )}),(~),(~|{~ εε −≥= −− mmmmmm pquppupI

∑
∈

≤
Mm mSINRmin

11
γ

ε

εI~

∑
∈

−≤
Mm m

m

p
V

γ
ξ&
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How far ?

[Theorem]

How far the set of    - equilibria of      from      ?*pε g~

ε2~ *
mmm Ppp ≤−

Global maximum of the potential-equilibria of  g~ε

εIp ~~ ∈

}),(~),(~|{~ εε −≥= −− mmmmmm pquppupI

(proof) ( ) ( ) εφφ ≤− −− mmmm pppp ~,~~,*

( ) ( ) ελλ ≤−−− mmmmmm pppp ~)~log()log( **

( )mmmm ppf λ−= )log(

⎟
⎠

⎞
⎜
⎝

⎛ −=∑ mm
m

mm pcpp *)log()( ζφ

ε≤− )~()( *
mmmm pfpf
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proof

mmmm ppf λ−= )log(

2

**2
2*

*
** ))~(()~(

2
1)()~()()~(

m

mmmm
mm

m

mm
mmmmmm p

pppfpp
p
pfpppfpf

∂
−+∂−+

∂
∂−+= α

Is desired operating point
*p

0)()( **

=
∂

∂=
∂

∂

m

m

m

mm

p
p

p
pf φ

( )2**

2**

)~(
1)~(

2
1)~()(

mmm
mmmmmm

ppp
pppfpf

−+
−=−

α

( ) ( ) 2**2** )~()~()()~(2 mmmmmmmmm pppfpfppp −=−−+α

ε2~ *
mmm Ppp ≤−

( )2*2 ~2 mmm ppP −≥ε ( )mmmmmmm ppppfpf ≤<≤− ~,0,)~()( ** ε
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Near optimal performance 

Near optimal performance in terms of system utility

(ex) ∑=
m m prpU )()(0

Sum rate objective

[Theorem]

L

∑
∈

≤
Mm mSINR min

11
γ

εLet                                 then

(1)       is  Lipschitz continuous function ,with      . 0U Then

∑
∈

≤−
Mm

mPLpUpU 2
0

*
0 2)~()( ε

(2) Assume that         is a continuous differentiable function such that  0U

m
m

L
p
U ≤

∂
∂ 0 Then

Performance loss decrease with small ε
increase with large mLL,

Difference between     and  *p p~ Difference between
)( *

0 pU and )~(0 pU

∑
∈

≤−
Mm

mmLPpUpU ε2)~()( 0
*

0
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Simulation  result

・Three users  
・desired operating point  ]5,5,5[* =p

∑ ≠
+

=
mk kkm

mmm
m PhN

PhPSINR
0

)(

10 =N

εI~

]2,0[∈kmh ]4,2[∈mmh
))( 1log()( PSINRPr mm γ+= }15,10,5{∈γ

*ppt −

∑
∈

≤
Mm mSINR min

11
γ

ε

Big     is good  γ Monotonously decreasing

Convergence 
Some point?

Do the BR dynamics with *c

Convergence
Speed is good
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Simulation result (system utility)

∑=
m m prpU )()(0

Sum rate objective )(max 0 pU
Pp∈

[Theorem]
is a continuous 

differentiable function  
0U

⎟
⎠

⎞
⎜
⎝

⎛ ≤− ∑
∈Mm

mm LPpUpU ε2)~()( 0
*

0mm p
M

p
U

min

0 1−≤
∂
∂

∑
∈

−≤−
Mm m

m

P
PMpUpU
min

0
*

0 )1(2)~()( ε

)(0 pU

Monotonously 
increase 

optimal

)(
)()(100 *

0

0
*

0

pU
pUpU t−× (average)

Even in small 
Quite small !

γ
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General type

mu φ mû
Find the most close 
potential function
of the game by mu

2

2

2

0

min)( ∑
∈∈

−=
Mm

m
moC
uDgd φδ

φ

Find the most close 
objective function
of       toφ mu

2

2
minargˆ mm

u

m uuu
m

−=

φmmm DuD =
: Difference 
operator

mD

))()()(,(),)(( pqqpWqpD n
m φφφ −=

qpqpWn ≠=     1),(
qpqpWn ==     0),(

φmmm DuD =
Potential game

φδφ 0==∑∑
∈∈ Mm

m
Mm

mm DuD
combinatorial  
gradient  operator ∑

∈

=
Mm

mD0δ
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Theorem of Projection 

[Theorem] Optimal projection

[Theorem]

g
g~ : projection of the game 

: game

g

Any equilibrium of     is an    –equilibrium  of      .g~ ε g

)(2 gd≤ε
2

2

2

0

min)( ∑
∈∈

−=
Mm

m
moC
uDgd φδ

φ

ε−≥ − ),()( mmmm pqupu
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Coverage considering wireless network 

Base  station

Information transmission 
agent

Searching agent

Information from     to 

Information from     to 

Object : optimal coverage and 
make small transmission cost of information

Several Information transmission agent needed
Agent can change from      to     and from    to 
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• Asymptotic stability analysis
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Distributed network formation

1)( =←siαχ

0)( =←siαχ

αg:    contain the path  )( si ←

: otherwise 

1

2 3

1

2 3

Reward

i
isIs

i siR ακχα α 0
,

)()( −→= ∑
≠∈

costconnection
reward  

Actions of agent  
}}3,2{},3{},2{},1{{1 =A

Nash network

(ex)

*'*'** \    ),(),( iiiiiiiii ARR αααααα ∈≥ −−
*α Nash network

wheel network
Efficient network 

wheel network
Connected network is uniquely defined by a path )( ii ←

Every agent realizes its maximum possible utility 

Want to make it!
Non-efficient nash network 
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Reinforcement learning

Learning algorithm

[ ])()())(()()()1( kxkkRkkxkx iiiii −+=+ ααε
Propensities of action Action at time kreward

1
i

ii A
kxk 1)()1()( λλσ +−=

Probability of action selection

Random selection

(ex)
1

2

3 ⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

5.0
3.0
2.0

)(kxi Do action 1
and get reward 1.5 ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

+
+
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=+

5.0
3.0

8.0

1
5.1

5.0
3.0
2.0

)1(
k

kxi

1
1)(
+

=
k

kε
evolves over the probability simplex)(kxi

)( iAΔ })11,0|{)(( =≥ℜ∈=Δ vvvm Tm
Propensities are
proportional to the 
cumulative reward
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be a locally 
Asymptotically stable set
for  

Asymptotic stability analysis

[ ])()())(()()()1( kxkkRkkxkx iiiii −+=+ ααε

[ ])())(()()()1( kkxgkkxkx iiii ξε ++=+

)())(())(())(( kxkxRkxrkxg iiii −=

[ ] ))(()()())(()( kxgkxkkRk iiiii −−= ααξ
[ ])(|)())(())(( kxkkREkxr iii αα= [ ])(|))(())(( kxkREkxR ii α=

deterministic noise[proposition3.1]

[ ])())(()()()1( kkxgkkxkx ξε ++=+
)(kx convergence to an invariant set of the )(xgx =&
Δ⊂A 0])(limPr[ >∈

∞→
Akx

k)(xgx =&

)0( >λ
)}(,),({)( 1 kxkxkx nL=
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Asymptotic stability analysis

)(xgx =&
Stationary point

}0)()()(:{ =−=∈= xxRxrxgXxS
[proposition3.2]

*x linearly unstable stationary point of

0])(limPr[ * ==
∞→

xkx
k

)(xgx =&

Expected reward ],|)([),( **
iiiii xxjRExjv −− === αα Sx ∈*

[proposition3.3] (Stationary point)
*x stationary point of

)(xgx =&
ii cxjv =),( *

iAj∈
Expected reward not 
change by one agent

)0( >λ
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Exist a differentiable function
,such

proposition

[proposition3.4] (pure strategies)
pure strategies profile stationary point of )(xgx =&

[proposition3.5] ( sensitivity of pure strategies)

*x pure strategies profile )(~ ** λυ+= xx
stationary point of )(xgx =&

)0( =λ

and strict NE 

)0( >λ

)0)0()(lim( **

0
==

→
υλυ

λ

)(* λυ

[proposition3.6] ( LAS)
x~ Locally asymptotically
Stable point of 

** \    )~,()~,( jAsxsvxjv iii ∈∀>
)0( >λ

)(xgx =& *
*

ji ex =
[proposition3.7] )0( >λ

** \    )~,()~,( jAsxsvxjv iii ∈∀> 0]~)(limPr[ >=
∞→

xkx
k

**** \    ),(),( jAsxsvxjv iii ∈∃< 0)]()(limPr[ * =∈
∞→

xBkx
k δ

*x :not NE

x~ :strict NE (from p3.6)

*x
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• Reinforcement learning
• Asymptotic stability analysis
• Dynamic Reinforcement
• Asymptotic stability of RADR
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Dynamic Reinforcement

Learning algorithm [ ])()())(()()()1( kxkkRkkxkx iiiii −+=+ ααε
Propensities of action Action at time kreward

]1))()()(1[()( 1
i

iii A
kukxk λλσ ++−∏= Δ

Probability of action selection

1
1)(
+

=
k

kεCorrespond to
history of ix

sxx
ms

−=∏
Δ∈Δ )(

minarg][

))()()(()()1( kykxkkyky iiii −+=+ ε
))())(()(()()1( kkRkkk iiii ραερρ −+=+
Running average of ix

Running average of ))(( kRi α

))()())((()( kykxkku iiiii −= ργ ))(( kii ργ : RADR parameter 

Before depend only on 
the probability distribution

Also affected by the history of
ix

Goal is to investigate the effects on convergence to an 
Efficient pure equilibrium
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equilibrium                   is LAS point of 
linearization

Asymptotic stability of RADR

[Theorem 4.1] (LAS of RADR)

[Theorem 4.2] (RADR convergence)

*
*

    1
)~,(

1)~,())(~(0 js
xsv

xjvk
i

i
ii ≠∀−+≤≤ ργ)~,~,~(~ ρyxz =

RADR parameter 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

)(
)(
)(

)(
k
ky
kx

kz
ρ

Relevant 
ODE ⎟

⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ρρ )(

)(

zR
yx

zg
y
x

i&

&

&
is depend on ρ,yα

linearization
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

)(
)(
)(

~

)(
)(
)(

,

t
ty
tx

A
t
ty
tx

dt
d

δρ
δ
δ

δρ
δ
δ

γλ
)(~)( txNxtx iii δ+=
)(~)( tyNyty iii δ+=

ρρδρ ~)()( −= tt

ijs
xsv

xjvk
i

i
ii ∀≠∀−+≤≤ ,    1

)~,(
1)~,())(~(0 *

*

ργ 0]~)(limPr[ >=
∞→

xkx
k

ijs
xsv

xjvk
i

i
ii ∃≠∃−+≥ ,    1

)~,(
1)~,())(~( *

*

ργ 0]~)(limPr[ ==
∞→

xkx
k
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example

a,a
c,b

b,c
d,d

Symmetric coordination
game

2.A 2.B
1.A
1.B

dabdcabdca <−>−>> ),()(,,
(A,A)
(B,B)

risk dominant
payoff dominant

*
*

    1
)~,(

1)~,())(~(0 js
xsv

xjvk
i

i
ii ≠∀−+≤≤ ργ

c
ca

b
bd 11 +−<<+− γ

Positive probability of convergence to (A,A)
Zero  probability of convergence to (B,B)

b
bd 1+−0

c
ca 1+−

(A,A)
(B,B)

(case1)

(case2) 1,2,1,22 ==−=+= dcba δδ
(A,A) risk and payoff dominant

δ
δγδ
−
+<<+

1
1

2
12 Positive probability of convergence to 

(A,A)Zero  probability of convergence to 
(B,B)

2
12 +δ0

δ
δ

−
+

1
1

(B,B)(A,A)
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Example 2

c,b
b,c

Asymmetric coordination
game

2.A 2.B
1.A
1.B

21,aa

21,dd

bdcacbadadaa >>>===>> 11122121 ,,0,,,0
(A,A)
(B,B)

Desirable for agent 1
Desirable for agent 2 )( 21 aa >

)( 21 aa <

c
ca

b
bd 11 11 +−<<+− γ

Only agent 1

b
bd 11 +−0

c
ca 11 +−

(A,A)
(B,B) γ

Positive probability of convergence to (A,A)
Zero  probability of convergence to (B,B)

The agent that applies RADR destabilizes the less
Desirable equilibrium in favor of the desirable one
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Payoff dependent γ

a,a
c,b

b,c
d,d

Symmetric coordination
game

2.A 2.B
1.A
1.B

(A,A)
(B,B)

b
bd 1+−0

c
ca 1+−

Risk dominant but not 
Pay off dominant  can’t 
destabilized with constant γ

k
i

ii ρ
γργ 0)( =

dabdcabdca >−<−>>>> ),()(,0,0

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

+−
+−

>

a
d

c
b

bd
ca

log

1
1log

κ
c
caa

b
bdd 11

0
+−<<+− κκ γ

RADR parameter 

Positive probability of convergence to 
(A,A)

Zero  probability of convergence to 
(B,B)

(A,A)
(B,B) risk dominant

payoff dominant

The risk dominant equilibrium is no longer stable 
in favor of the payoff dominant equilibrium 

can’t be destabilized
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simulation

3 agent

}}3,2{},3{},2{},1{{1 =A
}}3,1{},3{},2{},1{{2 =A
}}1,2{},3{},2{},1{{3 =A

},,,{ DCBAAi =
Actions of agent  k

i
ii ρ

γργ 0)( =

2
1

0 =κ )2/3,3/2(∈iγ

RADR parameter 

Non-efficient Nash network
is unstable  

1

2 3 2 3

10)( =ii ργ

Convergence to
Efficient network! 


