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Oscillator
Models and
Collective
Motion
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Oscillator
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Particle model

u, =0 u
=X+ )
% =Xt Ve I)/
0,

r P = et

b1 = up(r.6) S
o =r @, ie'™

Control law
i = o + 0 (r,0) + g (0)

Spacing control
Natural frequency Orientation control

‘ Not consider the position

up =w, + Uim:(g} Depend only on relative phase
6,=6,-6,
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Oscillator

@ :a Agent j and k is parallel position
J
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Phase order parameter
1 0,

Po=—)D € OS‘pS‘SI
NG

‘Pg‘ =1 - synchronized J.; ‘p9‘=‘%(e’"’4><3){ :‘e"/A‘:l

‘pe‘ =0 - balanced ‘ ‘pe‘:%( 2 4 T | 1S
" ()

N

=0

PR
Py=R P is equal to the velocity of R R&gdn Center of mass
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Oscillator

Phase potential
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N
GO = lpf

N
‘pa‘ =1 - synchronized - U, maximize » synchronized
‘pg‘ =0 - balanced ljl minimize » balanced

Gradient control @
o
a0},

uy = w, — ky < i p, >

—<ic® p, > mmp| K, <0= synchroniz ed
. (K, > 0= balanced
(x.y)=Ret'y}

/ Ei o
& ‘ ke = wo + T; sinb;
Kuramoto model
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Oscillator

Phase potential Ul(@:%‘pe‘z
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Laplacian quadratic form
; 0,00 =5 (x.Lx)
Wl(a)=QL(elg)=ﬁ<em’Lele> <X’y>=i<xi’yf>

=

Laplacian Phase Potential

Interaction is limited

is OK minimize  Synchronized phase
Graph is complete

> W(0)=2-U,6)
i0 1 i0 i0
W(6)=0,(") = {¢".1")

1 S i ib;
:ﬁg(dk-ﬂe",eg))zo

JeN,
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maximize Balanced phase

W,(0) =0 < synchrozized

Oscillator
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_ 0N _ 1 7] 0
W(0)=0,(") =5 (e L")
Laplacian Phase control (continuous)
(O _ 1 /. NIRRT
26, e ) =i L)

ori
ori

u? =%<ie’9* ’Lke"‘7> (gradient control) 6, = @, +uy

$

. K .
Simplified Kuramoto model O, =a+— sz 0y
JeN

—) Evolve§ mono]tcomNcally
e =—s

0, i0\2
N Z{<eg ,Lkeg>

Invariance principle

Converge to largest invariant set for which 1, (9) = 0
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Oscillator
. k& " 0\2
W©)=0 mmmp (i€ Le?)=0 W‘(‘g)=1\7122<65’L*eg>

k=1
“ 6 is stationary point

(ex) € is an eigenvector of L

1" is an eigenvector of L (from graph theorem)

e =1" synchronized K, <0

=

circulant
o e o q)| €°01"€?=0)is an eigenvector of L (from graph theorem)

graph is circulant

1"¢? =0  balanced K, >0

ca q

(ex)
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Oscillator
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Pi/2 problem

. K,
6, =, +-L Y sing,
) =@, N/;;‘sm ) /

If sin@; =0 ,then 9k =,
When realizing synchronized u

sin(z/2—(-7/2))=0

Evolution stop but not realize synchronized

Tokyo Institute of Technology _ﬂmﬂﬂﬂ




Outline

Tokyo Institute of Technology

Background

Outline of Oscillator

Review of Potential game (RSAP)

Adapt Potential game to Oscillator Problem
» Simulation Result

* Experimental Result

* Summary and assignment

Tokyo Institute of Technology _mmm@

Potential game
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Global planner ¢ 4 - R
(potential function)

aligned

Player’s objective function

Ui(ainaa_i)_ Ui(ailaa—i)
= ¢i(ai”’a—i)_ ¢i(ai‘9a—i)

Changing in the player’s objective function

—> -

Changing in the potential function
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attention

Consensus point
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Nash equilibrium of the game characterized by the

)
* Player’s objective function - _
U, (a) p/ZENIHa, a,H

C

A
set of Consensus point 1_ set of Nash equilibrium

4
)
Learning algorithm

Guarantees probabilistic convergence to a pure Nash equilibrium
that maximize the potential function
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Restrictive Spatial Adaptive Play
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Issue of SAP  ——» Permit any action in its action set

——p From mobility limitation , it's impossible

¢ Restricted action set R (a,(¢—1))

Restrictive Spatial Adaptive Play
Ste p 1 Randomly choose one player P
(Another player do a same action)

Stepz Player ].;J selects one trial action al_ from
Ri(a;(1-1)) z, = max

a;e 4; Ri(ai)
Prla, =a]=1/z, , a,€ R(a(t—1)\a,(t-1)

Prld =a(-DI=1-(R@@-D}-D/z o

Restrictive Spatial Adaptive Play

step3 Player F chooses its action at time t
Prla,(t)=a,]=
exp{fU,(4;,a (1 =)}
exp{SU,(a;,a (1 =1)} +exp{fU,(a(t=1))}
— Choose trial action
Prla,(1)=a,(t-1)]=
exp{fU,(a(t 1)}
exp{fU;(a;,a_(1=D)}+exp{SU,(a(t=1))}

— Don’t move
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Theorem
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Theorem

Consider a finite n-player potential game with potential function ¢
If restricted action set satisfy
2 1 1 2 (Reversibility)
a; € R(a;) < a, € R, (a;)

d k k=1 Feasibilit
an al’ e Ri(ai ) (Feasibility)

1

then RSAP induce a Markov process over the state space A
where the unique distribution L/ € A(A) is

el f(a))
M S o o (@)
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Synchronized
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1 & 0, 6 S
W1(9)=ﬁ;(dfz<e”,eg>) minimize

JEN,

1 & Synchronized phase
=——> (d,— ) cos(6, -6,
N ;:‘( f /;A (6, =6)))

Potential game
Ly . -
¢(0)=—ﬁ;(dk = 2 c0s(6, ~6,)) [ e D.cos(6,-6,) ]

JEN; jEN,
(Time-invariant interaction graph and undirected)
N
(prooh)  g(g) = -LZ(xflA - Y cos(6, -6,))
2N S JjeN;
N
:—L(de — D 2c0s(6,-8,)- . D cos(6,-6,))
2N k=1 JjeN;

J#i keN i

Interaction fixed
. , 1 . 1 .
#6,,6.)-9(6,.,6.) =ﬁ§2cos(rz —ef)—ﬁgzcos(a -6)
=U,(6,,6.)-U,6,,6.)
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Balanced

1 & o 16, .
W,(6)= ﬁ;(d* - Z<e % >) maximize

JEN,
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Balanced phase

1 N
=—)> (d,— ) cos(6,-86)))

Potential game

1 1
#(0)= ﬁ;(dk - ,;Mcos(é" -6)) [U‘ ©) = qi Y cos(6.-6,) ]

JEN,

(Time-invariant interaction graph and undirected)

Graph is circulant
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example
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a, b 4 states
1
2 agents S, =(a;,b)
% 2 actions ' $,=(a;.b)
bz S3 = (az,bl)
Transmission matrix S, =(ay,b,)
[ 1 ) 1 &M 7
1-p,—pi; 4 P50 | S A1) () 0
2091 + pAC) 4ea/1 d +ea/l 3
1 oS 1 s
P 4 eHJ:(:;J_,_gﬁ)Uz@) 1=p,=py 0 4 ewl(zzv _‘g?/l@)
1 15 1 2(54
4P L S 0 1=py=ps, 456 | SO
) 1 o®
0 4 ) L ) 4 P | S 1=py=py
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Transmission irreducible
matrix P aperiodic ! 2 M3 M4
exp{ f¢ (a)}
i i istributi HU(a) = —
Exist Stationary distribution l Z et 5o (@)

p const  w(a)p,, = H(b)p,, (detail balance)

3011
2Ll
(ex) 4 8 8 | Stationary distribution
e -
_ _|s 1 8
B=0 m r-} N 1111
s O h s 14441
o L L3
§ 8 4
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(ex (1) (N
-2
=oo 42 — Absorbed state
ﬁ - P=1 0 1 //> ‘
4 2 )
0 0 0(1}Not exist stationary distribution

SAP’s features is not convergence one state!

If there are some consensus point, change the state during
some consensus point.

aq
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B’s degree
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What degree is better for 5 ?

The most largest probability from consensus point to
another state is
U.

Urmax imax 2
U ma
1 eﬂ fmax2
max—— —
AV nz Pl 4 Pl é‘ L‘

Probability of changing the state from
Consensus point is smaller than
ﬁUimaxZ

E Z max
AU, AU,
Py ieN pz elmim 4 gl imn2

z, feasible action of i
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B’s degree
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spec

Do small the probability of changing the state from
Consensus point than p

PVima>

& —1)><max——
; ieN pz e BU i max +eﬁU1max2

1 Z(zi _1)

max log| =& -1|<p
ieN Uimax _Uimax2 an

<p

A little strict condition
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Simulation Result (synchronized non obstacle)
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Interaction graph
8 action sets
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Simulation Result (synchronized with obstacle)
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p=1/20—-=29.0
Circle is sensor area

N of obstacle

-0.2 00 600

-04

-0.6

One consensus point
e (k=500)

value of global objective
function

Time step k
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Simulation Result (balanced with four agents)
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8 action sets Interaction graph

p=1/20— f=19.14
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Simulation Result (balanced with four agents)
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Simulation Result (balanced with five agents)

Tokyo Institute of Technology

5 action sets Interaction graph
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Simulation Result (balanced with five agents)
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Experimental Result (synchronization)
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Experimental Result (balanced)
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Summary and assignment
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* Can adapt potential game to oscillator
* RSAP can make Stationary distribution

* Some time change consensus state to another
consensus point

* Can decide changing rate with exploration rate
B

* How to make suboptimal state high probability
—using reinforcement learning ?

* How to decide p
—consider not consensus states
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