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Physical components

continuous-time continuous-space dynamical system

)( fXUXt l
• X : state space

dddd SXSXX ×ℜ∈∈ℜ∈

),,,( 0 fXUXtuple Example

Omni direction

• U : input space

dddd SXSXX ×ℜ∈∈ℜ∈ ,, Omni direction
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• X0 : allowable initial states
XX ∈0
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Planner Vehicle

• f is a continuously differentiable 
control vector field on X ωθ
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f determines the robot motion
via   the control system
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Robotic network

}1{ nI L=

),,( cmmERItupleDefinition Robotic network S consist of a
},,1{ nI

iiiii fXUXRR )}{(}{ ][][][][][

Set of unique identifiers pair (i,j) is an edge in )(xEcmm

IiIi fXUXRR ∈∈ == )},,,{(}{ ][
0

][][][

Set of mobile robots i,j can communicate

IIXE i
Iicmm ×→∏ ∈

][:

Communication edge map
))(,( xEI cmm

C i i hCommunication edge map Communication graph at x

If ),,,( 0
][ fXUXR i =

Edge depend on agents

),,,( 0 f
for all i  (identical)

Robotic network is
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Edge depend on agents
position

uniform
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Example

1 .  First-order robots with range - limited communication

)()( ][][ ii tt&Robot locations
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][]2[]1[

di

n

Rp
pppp

∈
= L

)],[(
)()(

maxmax
][

][][
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ii

uuu
tutp

−∈
=Robot locations

)( p

Identical robots
)},,,0(,,],[,{ 12maxmax d

ddd eeuuR Lℜ−ℜ= )},,,(,,],[,{ 12maxmax d

Omni directioninitial statesinput space

Sensible own position )(

Omni directioninitial statesinput space

Sensible own position
Communicate with robots within distance r

)(rgdisk

Th d t Robotic network S
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These data Robotic network diskS
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Example

2 . Planner vehicle robots with Delaunay communication

][][]2[]2[]1[]1[

Robot physical state Planner vehicle model
θ=& cosvx

1][][][][
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),,( Syxp ∈= θ

DgCommunication graph

Th d t Robotic network S

Robots move allowable environment Q
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These data Robotic network vehiclesS

Tokyo Institute of Technology

Control and Communication laws

information Continuous time
sense own position evolvessense own position ,evolves

discrete time
execute state machine ,exchange information

Definition Control and Communication laws (CC)

sets:2 W
messages:A  ofelements  alphabet  ion communicat:.1

[i] stateprosserIi
A

∈

Definition

sets

Control and Communication laws (CC)

 valuesinitial allowable:,3.W

sets  :,2.W
][][

0 IiW

stateprosserIi
ii ∈⊆

∈sets

f ii1 ][][][ iii AIXX
maps

f ili3
functionsn  transitiostateprocessor   :2.

functions generation message   :.1

][][][][][

][][][][

][][][

iniiii

iniii

iii

UAWXXl
WAWXstf
AIXXmsg

→××
→××
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functions controlmotion    :3. ][][][][][ iniiii UAWXXctl →×××

Tokyo Institute of Technology

Evolution of a robotic network

A
Definition Evolution of a robotic network

Evolution of (S CC)Evolution of  (S,CC)

⎣ ⎦ ⎣ ⎦ ⎣ ⎦)))(),(),(),((),(()( ][][][][][][][ tytwtxtxctltxftx iiiiiii =&
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message ctl
*  data-sampled
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][][][][][][  oft independen is  ),,,( iiii
smpld

ii xywxxctl
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the agree and pursue control and communication law

object 1. agree direction
2. equally angularly spaced

idea 1.Leader election algorithms
2.Cyclicpursuit problem

1 12 Next 
Max-id

1.

Ma id 2

25

is  14
Change
di t

Max-id
dir

14
dir to cc

2
2

2.

move
distk propdist
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algorithm

Simulation result

Leader election
Neighbor?

Moving toward?

Cyclic pursuit 
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Coordination tasks

Definition Coordination task
},{: ][ falsetrueWXT

Ii
ni →×∏ ∈

map Processor state take

Ex) dir c or cc
Ii∏ ∈

}),{:singleton  is W ( ][ falsetrueXTif
Ii

i →∏ ∈

taskwith thecompatibleisCClawtheWW[i] =if

Processor state take 
Values in W

 task  with thecompatible is CC law the,W W =if

T tallfor  truew(t))T(x(t),   T task  theachieves CC law ≥=→

Ex)Direction agreement and equidistance task
IcccW ×= },{in   value takingstateprocessor 

1direction agreement task },{)(: 1 falsetrueWST nn
dir →×

][]1[  ),( n
dir dirdiriftruewT === Lθ

][][][][][][]1[ ))max,(),,,(),,,(( ][][][][][][]1[ iiinin iddirwwww −=== LL θθθ
equidistance task },{)(: 1 falsetrueST n

eqdstnc →−ε

][][][][ jiji
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εθθθθθε <−=
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ji
cijeqdstnc distdistiftrueT
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Complexity 

Definition Time complexity
Time complexity to achieve T with CC from initial conditionp y

Time complexity to achieve T with CC
} all ,))(),((inf{),,,( 00 lkfortruekwkxTlwxCCTTC ≥==

Time complexity to achieve T with CC  

Time complexity to achieve T worst case
}),(),,,(sup{),( ][

0
][

00000 ∏ ∏
∈ ∈

×∈=
Ii Ii

ii WXwxwxCCTTCCCTTC

S f ll
p y

}T with compatible ),(inf{)( CCCCTTCTTC =

D fi i i DefinitionS l i
Mean and Total

Set of non-null
message

Definition DefinitionSpace complexity Communication complexity
),( CCTSC

∑
−1

))()(()(
τ

basic llM
A

CCTMCC
Maximum number of 
basic memory units

∑
=

=
0

00 ))(),((),,,(
τ l

basic lwlxMwxCCTMCC

∑
−1

))()(()(
τ

lwlxMAwxCCTTCC
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Averaging control and communication law

1.Compute the average point
2 Move toward average point2.Move toward average point

Simulation result)()()1( ][][][ lulplp iii +=+

cmm
jin

rndzvs EjixxtruexxT ∈== ),( allfor   if ),,( ][][][]1[ L

Theorem 
Correctness and time complexity of averaging lawCorrectness and time complexity of averaging law

5

comlexity  with time task  theachives  law the rndzvsaveraging TCC
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)(),( 5nCCTTC averagingrndzvs Ο∈ )(),( nCCTTC averagingrndzvs Ω∈
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Circumcenter control and communication laws

1.Compute the circumcenter point
2 Move toward circumcenter point2.Move toward circumcenter point

Maintaining connectivity
use constraint setuse constraint set

constraint set
][][ ij

)
2

,
2

(),(
][][

][][ rqpBqp
ij

ji
disk

+=Χ

}}{\)({)( ][][][][ rpqtspPqqpXxPp iiii ≤∈∈=Χ }..}{\),({),(
2

][][][][ rpqtspPqqpXxPp diskdisk ≤−∈∈=Χ

Theorem Maintaining network connectivity
)())(),(()( ][][][ lplPlplu ii

disk
i −Χ∈

))(),(()1( ][][ lPlplp i
disk

i Χ∈+ Maintaining edge
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disk

→≤− rlplp ji

2

][][ )()( rlplp ji ≤+−+
2

][][ )1()1(
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Circumcenter control and communication laws

Simulation resultalgorithm

constrain set Circumcenter law with control bounds
and relaxed connectivity constraintsy

Agents have compactrelax constrain sets
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g p
input space

relax constrain sets
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Correctness and complexity of circumcenter laws

Theorem  correctness of the circumcenteer laws
1.on the network        ,the law              achieves the exact rendezvous  diskS crcmcntrCC,
task

disk crcmcntr

rndzvsT

2.on the network        ,the law              achieves the       rendezvous  LDS
crcmcntrCC −ε,

task
crcmcntr

rndzvsT −ε

3.if any two agents belong to the same connected component 
at l

continue to belong to the same connected 
component for all subsequent time

4 )( ***P4.
(a)evolution asymptotically 

approaches 

),,( 1 nppP L= Theorem  time complexity (d=1)
diskS )(),( nCCTTC crcmcntrrndzvs Θ∈

S
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approaches 
(b)              or  **

ji pp = rpp ji
>−

2
** LDS

))log((),( 12 −
− Θ∈ εε nnCCTTC crcmcntrrndzvsr
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Proof:Theorem1

Dimension 1
{2,…,α-1} is neighbors of 1

connected is  )(rgdisk

{2,…,α-1} is neighbors of  α
Worst case

2
)0()0()1(

]1[]1[
]1[

−+=
αppp 2

r
r

⎥
⎦

⎤++
⎢
⎣

⎡ +∈
2

)0()0(,
2

)0()0()1(
][]1[][]1[

][ rppppp
γα

γ 1

γ

1 γ+ α1 α+

)0()0( ]1[]1[
]1[]1[ rpp −−α

)1()2( ]1[]1[ r≤

⎦⎣ 22 2 2

deduce

22
)0()0()0()1( ]1[]1[ rpppp ≤=− 2

)1()2( ]1[]1[ pp ≤−

≤)0()2( ]1[]1[
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rpp ≤− )0()2( ]1[]1[
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Proof:Theorem1

⎥
⎦

⎤
⎢
⎣

⎡ +∈
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)1()1()2(
]1[]1[

]1[
αppp 1 1−α

0

1 11

r

⎦⎣

)0(
2

)1()1()0()2( ]1[
]1[]1[

]1[]1[ ppppp −+≥−
−α

1 1−α1

)0(
2

)0()0(
2
1

2
)0()1(                         

2

]1[
][]1[]1[]1[

ppppp
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+≥−≥

− αα

4
))0()0((

4
1                         ]1[][ rpp ≥−≥

⎠⎝
α Move greater than

r/4 in two time steps

))((4),,())((1
000 PcodiamPCCTTCPcodiam CRCMCNTRrnd vs ≤≤ ))((),,())(( 000 Pcodiam

r
PCCTTCPcodiam

r CRCMCNTRrndzvs ≤≤

))(( Pdi
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Proof:Theorem1

connectednot   is  )(rgdisk 1C 2C

C dConnected component
don’t change

))((4),,(
)(0

0

Ccodiam
r

PCCTTC
PCCCRCMCNTRrndzvs ∈

≤

rnCcodiam )1())(( −≤ connected  is  )(Cco

)(),( nCCTTC CRCMCNTRrndzvs Ο∈

Lower bound

rnpcodiam )1())(( 0 −= 1),,( 0 −≥ nPCCTTC CRCMCNTRrndzvs
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)(),( nCCTTC crcmcntrrndzvs Θ∈
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The circumcenter law in nonconvex environments

1.adapt connectivity constraints  
2.Restrict robot motion 
3 M t d th i t f th t i t t3.Move towards the circumcenter of the constraint set

algorithm
);,( ][][

δQpp ji
diskvis−Χ

pair wise line-of-sight connectivity
Constraint set δdiskvis

line-of-sight connectivity Constraint set

}}{\);,({ ][][ ii
diskvis pPqQqpx ∈Χ∈= − δ

);,( ][
δQPp i

diskvis−Χ

diskvisS − crcmcntrnonconvexCC −

Thi th t k

the lawOn the network
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Relative convex set rndzvsT −εachieve the task
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• Robotic network models and complexity 
tinotions

• Connectivity maintenance and rendezvousy
• Deployment

Voronoi centroid control and communication lawVoronoi-centroid control and communication law
Voronoi-centroid law on planar vehicles
V i i t t lVoronoi-circumcenter control 
Voronoi-incenter control 
Li it d V i l t lLimited-Voronoi-normal control 
Limited-Voronoi-centroid control 
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Deployment

Robotic network : DS LDS vehiclesS

Assume : no two agents are initially at the same point

Deployment algorithms

g y p

1.Transmit own position ,receive neighbors position
2.Compute a notion of the geometric center of its own cell

determined according to some notion of partition
3 Move toward this center3.Move toward this center

Geometric center
Partition of the environmentDifference each algorithm
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Voronoi-centroid control and communication law

algorithm ∑∫ −−=
n

i
PV indist dqqpqppH

i1
)(

2
21 )(),,( φL

expected-value multicenter function
CNTRDVRNCC −

Make voronoi cell

=i 1
φ

<

p

Direction of motion
∫ ∫==
s s

dqqqAdqqq
sA

sCM )()(   ,    )(
)(

1)( φφ φ
φ

φ

Simulation result
Gradient of the distortion
multicenter function

=

Hmulticenter function
Optimize
(maximize)

distH
distH
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(maximize) 
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Voronoi-centroid law on planar vehicles

vehiclesSRobotic network 

)()(
)))(sin()),()(cos(()(

][][

][][][][

tt
tttvtp

ii

iiii

ωθ
θθ

=

=
&

&

Simulation result

algorithm

)()( tt ωθ =

DYNMCSCNTRDVRNCC −−

ε
ε

≤

=−−

][][ ))((

)(

PVCMpif

truePT
ii

dplydistor

φCM
)i( θθ

Theorem correctness 
On the network the lawS

εφ ≤−
2

][][ ))(( PVCMpif

θ
)sin,(cos θθ)cos,sin( θθ−

α
On the network    ,the law 

achieves the task   
and optimizes

DS
CNTRDVRNCC −

distH
dplydistorT −−ε
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Voronoi-circumcenter control 

algorithm

DSRobotic network 

CRCMCENTRVRNCC

Simulation result

algorithmCRCMCENTRVRN −

How to cover a region with disks of 
minimum radius ?

hi k

2},,1{1 minmax),,( iniSqndc pqppH −=
∈∈ L

L

Maximum over the network 

Th

not think
about φ of each robot’s individual cost

Theorem correctness 
On the network    ,the law 

optimizes
DS

CRCMCNTRVRNCC H
1

maxmax
),,( ndc

pq
ppH

−=
L cost
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27
optimizesCRCMCNTRVRN − dcH

27minimize
2)(},,1{

maxmax iPVqni
pq

i

=
∂∈∈ L

Move toward furthest vertex
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Voronoi-incenter control 

algorithm

DSRobotic network 

CC

Simulation result

algorithmNCNTRVRNCC −

)},(,1{min),,( 1 SpdistpqppH iinsp ∂−=L

Maximize smallest radius

hi k

)},(,
2

{),,(
2},,1{1 Spdistpqpp iinjinsp ∂

∈≠ L

Maximize the cost given by 
the minimum distance to

Th

not think
about φ

the minimum distance to 
the boundary of V

Theorem correctness 
On the network    ,the law 

optimizes
DS

NCNTRVRNCC Hcost
1

ii

),,( nsp ppH L
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28
optimizesNCNTRVRN − spH

28maximize
2)(},,1{

minmin iPVqni
pq

i

−=
∂∈∈ L

away from closet neighbor
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Limited-Voronoi-normal control 

algorithm

LDSRobotic network 

CC

Simulation result

algorithmNRMLVRNLMTDCC −−

∑∫ ∩
=

n

i
rpBPVnrarea

ii

dqqppH
1

)2/,()(12/, )(),,( φL
=i 1

ε =

∫
−−− )(dplyarear truePT

Th

Line search εφ ≤∫ ∂∩ 2)2/,()( ][][
)()(

rpBPV outii
dqqqnif

Theorem correctness 
On the network    ,the law 

optimizes
LDS

NRMLVRNLMTDCC H
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29
optimizes

And achieves task 
NRMLVRNLMTD −− 2/,rareaH

29maximize dplyarearT −−−ε
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Limited-Voronoi-centroid control 

algorithm

LDSRobotic network 

CC

Simulation result

algorithmCNTRDVRNLMTDCC −−

ε =−−−− )( truePT dplyareadistorr

εφ ≤−
2

][
2/

][ ))(( PVCMpif i
r

i

Th

∑ ∫∫
=

∩− +−−=
n

i
rpBPVinrareadist

ii

dqqdqqpqppH
1

)2/,()(

2
212/, )()(),,( φφL

Theorem correctness 
On the network    ,the law 

optimizes
LDS

CNTRDVRNLMTDCC H
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30
optimizes

And achieves task 
CNTRDVRNLMTD −− 2/,rareadistH −

30
dplyareadistorrT −−−−ε
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problem1

deployment

Don't  reach 
and searchand search 
this area

Move density 
function
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problem1

example
φ

Move density 
function on circlefunction on circle

Achieve the search 
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and deployment
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problem1

Applies this method to 
b f ibefore environment

Search trajectory

Achieve search of all impotent place and deployment
B t d 't fl k ll b t
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But don't flock all robots
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problem2

Each robot don’t get the 
S dSame reward

Inner > outer

Outer side robots say liey

In this position you can get
many  reward!

Change inner robots 
density functionThis position 

is good!
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