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# Using agraph to represent the I nter section topology . W; isweight of edge
Graph G : Graph consist of apair (V,£,W), where V isa # Assumptions o _
finite nonempty set of nodes, £ € VxV isaset v, (A1) therigid-bodies’ orientation matrices, € Vi are positive definite.
of pair of nodes, called edgesand ) isaset (A2) Graph isfixed, strongly connected and each weights are positive
of weights over the set of edges. yO+Ov, Jeowy > 0vi, j-
G=(,€) :Graph ¢ Ny={v,} p ial Functi o
V:={1,---n} : A set of verticesindexed by set of rigid-bodies otential Function Z ifi=j i
E£cVxV A setof edgesthe represent the neighboring relations N 1 1 ‘& _ _Jc ; y=|:
w;, W : A weight on an edge €& and A set of weights over the set of edges V.—Zy 2K PP+ o) | Lo={had= W if e N
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@ Simplified Assumptions (SA) el
(SA1) Theeachrigid-bodies rotation matrices e Vi are positive definite.

Note: The rotation matrix €' = & are positive definite if and only if 6| <
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neighborhood j\[l . A set of rigid-bodies whose information is available to rigid-body i
» Simplified Assumptions (SA)

(SA2) The weights are positive and symmetric. i.e. W; > 0, w

Wi, je N,
Vi
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» Using a graph to represent the I nter section topology w \A 2 Definition
Graph G : Graph consist of apair (V,£,W), where > v, Z ifi=] 7
isafinite nonempty set of nodes, £ c VXV v Wis L, ={L,}= e w, if jeN, y=|i| st Ly=0
isaset of pair of nodes, called edges and " i 0 if ie N,‘ ’ o
W isaset of weights over the set of edges. V. i i n
] v, 3 ® Example
G=(V,£) :Graph Ny ={v,.v;} 6 -1 -5 0 036
V:={1---n} : A set of vertices indexed by set of rigid-bodies 0 2 -2 0 0.18
EC VXV A setof edgesthe represent the neighboring relations L= o 0o 3 -3,7 |om
gef& : An edge from node i to nodej. -4 0 0 4 0.54
W W : A weight on an edge 8i and A set of weights over the set of edges ® Properties

(SA3) Thegraph is undirected, strongly connected and fixed.
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#» Eigenvalues have nonnegative real part and its minimum is 0.
2 If the graph is strongly connected, rank L, isn-1.
@ If (SA2) and (SA3) issatisfied, L,, is symmetric and positive definite.

@ If the graph is balanced (included undirected) and the weights are symmetric,
then 1'L,, =0[1].

[1] D. J. Leeand M. W. Spong, ** Stable Flocking of Multiple Inertial Agents on Balanced Graphs,” |EEE Trans. On Automatics Control ,
Vol. 52, No. 8, pp. 1469—1475, 2007.
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Equation (1) means that rigid-body can not
moveto §, . q,=0

m isanumber of nonholonomic constrains. 0lx,
n
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® Goal Output Synchronization ([7], pp. 109 Definitionl)
In the absence of communication delays, the rigid-bodies are said to output

synchronize if )
lim{y,(©-y,©)=

By the definition of the output ¥, = g, € SE(3) — ‘“\(‘9
, output synchronization implies that both of ’n

Vi,j=1-n ——

the position and attitude of al therigid bodies
converge to the same value. T

2 Strategy
Due to nonholonomic constrainsiit is difficult that positions and orientations of all
rigid-bodies converge simultaneously to the same value.

. 1

Stepl: Velocity Input is considered to converge positions to the same value.
Step2: After the objection of Stepl isachieved, velocity input is switched to
converge orientations to the same value without changing positions.

[7] N. Chopraand M. W. Spong, ** Passivity-Based Control of Multi-Agent Systems,” in Advance in Robot Control: From Everyday Physics
to Human-Like Movements, S. Kawamura and M. Svnin, eds., pp. 107—134, Springer, 2006.
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M| Rendezvous Problem for Nonholonomic Agents
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Stepl: Velocity Input is considered to converge positions to the same value.
@ 2D Plane

[2], D. V. Dimarogonas and K. J. Kyriakopoulos, ‘‘On the Rendezvous Problem for Multiple
Nonholonomic Agents,”” | EEE Trans. on Automatic Control, vol. 52, no. 5, pp. 916—922, 2007.
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Stepl: Velocity Input is considered to converge positions to the same value.
# |n thispresentation
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W Velocity Input for position convergence
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Stepl: Velocity Input is considered to converge positions to the same value.

® |nthispresentation 4
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@ Convergence of positions

Define the potential function as the following function

_ } pT L,p cf. If there exists no noholonomic constraint,
the potential functionis

fZZ (P -

43

\& Z?[* s} +f¢(e )J
Differentiating this potential function yields

& kY, al(a)”
V=-p'L, g
e Z, - q| (ql

e*{;

L.p

eén

<0 . (Please see appendix in detail )
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» Convergence of positions (LaSalle's Invariance Principle) » Convergence of positions (LaSalle's Invariance Principle)
When V =0, itis possible to occur the following cases. S In order to show the later caseisn’t invariant, we show that
Y(p-p)=0 o @)’ Ze“(p P)=0 X (R-p)#0 Vi
jeNi / A e jeN;
We can show objectiveis achieved in this case. L_ N a[(ql‘i)T Ze{‘ (- pl)] £0 3 .
N,

ie p-p;=0 Vij
@) Yed(p-p)=0 _
o Vi
> (p-p)#0

jeN;
In this case objective isn't achieved.

Next thiscaseisn't invariant set.
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In fact
9@y Teb(p-p)
da( " & Lo

= 7kéHeif‘ ZIEM (py

#0

‘L)T qL

(Please see appendix in detail.)  x!
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Step2: After the objection of Stepl isachieved, velocity input is switched to
converge orientations to the same value without changing positions.

Velocity Input
v, =0
o =k, Y sk(ede)
jeN;

We can show orientations of al rigid-bodies converge to the same orientation using
The following potentia function

Vo= i(/ﬁ(e’;' )

» Problem

« Each rigid-body doesn’t always know all rigid-bodies’ positions are the same.
Note: Each rigid-body can get the information about only neighborhoods.

Vi

Convergence of stepl and step2 is shown separately.
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Irbl Rigid Body Motion in SE(3) Iml Graph Structure
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# Position and Orientation 2 Homogeneous Representation 2 Using a graph to represent the I nter section topology w A
peR® & e e 0 el P » Graph G : Graph consist of apair (V,€,W), where SiN v,
. 9= 0T eR isafinite nonempty set of nodes, £ c VxV v 15
Rodrigues' formula = i ol [0 -0 o isaset of pair of nodes, called edges and
Direction of Rotation: £ e # , { o 0 -a W isaset of weights over the set of edges. v,
Angle of Rotation: 6 € ® o, o, ® 0 v,
G:=(V,&) :GCraph
» Rigid-body Motion in SE(3) (j = ) (V.) :Gree _ o Ny ={v,, v}
P . i=1--n) : - V:={1---n}: A set of verticesindexed by set of rigid-bodies
VP=g"9 € R®  body velocity -4 EcCVxV A setof edgesthe represent the neighboring relations
Vb= { } 2 v,e R® linear velocity g§eé : An edge from nodei to nodej.
' @ e R® angular velocity - : W W : A weight on an edge & and A set of wei ghts over the set of edges
Vb {a) v} g /1_‘ é{ ?; neighborhood A/, : A set of rigid-bodies whose information is available to rigid-body i
! 0 0 World Fraue n £,
» Simplified Assumptions (SA)
~ (SA2) The weights are positive and symmetric.i.e. W; >0, W, =w;;, je N,
« (SA3) The graph is undirected, strongly connected and fixed. :
Loyounsiuied Tendon 1 Loy

m Weighted Graph Laplacian m Callision and Output Synchronization
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2 Definition 2 Definition (Collision) % _— r .
Swifi=j » Collision between rigid-body i % @
N, 1 . . 4 ] =3
Ly={La}=1 -w; if je N,  y=| 1| st Ly=0 L
0 if jeN, 7 » Output Synchronization [p-p)<T |p-p|>r
" G Collision Not collision
* Example V W, =1 OV2 Since Y, = {e P } , output synchronization and collision avoidance are satisfieq
6 -1 -5 0 0.36 0 simultaneously.
L, = 0 2 -20 = 0.18 wy, =4 Wy =2 2 d ‘
0 0 3 -3, 0.73 v, v, It y, {e P+ ,}:[e ﬂ output synchronization means
-4 0 0 4 0.54 W, =3 0o 1 0 1| lim(p-p)=d, ad lime’ —e)=0.

» Properties o o ]

# Eigenvalues have nonnegative real part and its minimum is 0. -:> 4 d;:=d ~d,

» |f the graph is strongly connected, rank L,, isn-1. (‘ s v : )k‘gpwr z=p+d,

s If (SA2) and (SA3) issatisfied, L, is symmetric and positive definite. ”“‘L‘%” - / ‘?Z.‘f [ fd-df=Rr

# If the graph is balanced (included undirected) and the weights are symmetric, / e % e (‘TJ

then 1'L, =0[1]. L 3 =
[1] D.J. Leeand M. W. Spong, ‘* Stable Flocking of Multiple Inertial Agentson Balanced Graphs, ' |EEE Trans. On Automatics Control , - L.'—"

Vol. 52, No. 8, pp. 1469—1475, 2007. ﬂ / / a
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@ Potential Function for Collision Avoidance # Potential Function for Collision Avoidance
Due to collision avoidance the following potential functioqn is)oonsidered [3]. Sum of the potential functions .
. : U, (¥ 0 oo 0 o —plf-r?
_R? i ) h-P
0lp )| i 0P PLR | o0 =350, -p) -33 i o PP
R o= -r p-p -1

Derivative of sum of the potential functionsis

) PP
JN%p“W ump.—p,H)(P.—PJ
1€ Ny i 1

From definition
s {J'f<Hp‘*pJH<R} i< M [ -pf)=ie . i -n)

[1] D. J. Leeand M. W. Spong, ** Stable Flocking of Multiple Inertial Agents on Balanced Graphs,” |EEE Trans. On Automatics Control ,

Vol. 52, No. 8, pp. 1469—1475, 2007. J 3 N q‘ p—
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it Jn-p]=r .then uumn—piu):
If |p-p[2R, then UuQ\P‘ - pJH)ZO
Derivative of potential function is 9 U
0 if =R ox )
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» Obstacle R, O, # Velocity Input For output synchronization For collision avoidance
In this presentation we assume that obstacles are sphere X \ Rt )(” n-p H )
and don’t move. \ V. = e{[v —-K; ZV‘{, z-7))- KZ : (R=p)
Collision between rigid-body i and obstacle k if \ i1 jeny [a-p)]) ‘p P, ‘ —r2?
I =Bul<r r>o0, 0, : center 2
where R, R, : radius K (R-r )(Hp. 1 ) =
D, = 1— 0, = % - - |Z % — (pl_plk))
P = My P+ (L= 1), p1;, Hp‘ _OkH O, : aset of obstacle s : i jeAy, TP-Bul) m p - plkHZ _rz)]
o, ={plp-0]<R,} KieR™ (Ki+K')>0 For obstacle avoidance
' @ =" m, tky Y sk(ee) k>0 Vi
N,
collision avoidance R obstacle avoidance

@ Properties
Bic=inf (|p - p)

Bi=m(-a,a)p  a,:
Gohaeo o Ia-ol ol

@ Potential Function for Obs(acIeAvoidancg
] - \ L e k&
Pl
A

Ip - B -R

U, (lp = B, [)=| min 01Tk

i p.k)[ [ o o ~ e

. . -
: Fuiita Laboratory 26

2
Hp‘—ak\f—w]
min| —_—
;Z[ [ - - a
Fuiita Laboratory T Technology.
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M| Velocity Input for Collision and Obstacle Avoidance m Analysis
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For collision avoidance # Analysis
We show collision doesn’t occur.
Define the potential function as the following function

2 Velocity Input For output synchronization
’-r'fjn-p[-%)

V—e“(v KZW..(z z)- KZ % (R -py)
i1 jeny, [n-p)) ‘p pj‘—r .  qaa Lo
Ve=2Lz+ Y0+ >0 (b - o)+ 220 (p - Bl
i=1 1 i=1 j=1

K R-rho-nf-R) )
= ,ENUI%,ﬁk”) (”P. _ 5KHZ—T b For output synchronization For collision avoidance For obstacleav0|dance
K e R*® (K, +KT)>0 For obstacle avoidance a Hp D, H R
ky >0 Vi = > w(z-2) (z- z)+2¢(e4)+ Zz min| 0 %
i=1 jeN; i=1 j=1 Hp P H —r?
1 il o P =Bl - ]
+= min 0, ———>——
421%[ Qe

o =eteba, +k, Zsk(e’-f‘ &)
N,
» Simplified Ass.Jmpti&ns(SA)

(SA4)

From definition of potential function v, =0 if and only if collision happens.

®-rln-af -] _ﬁkz);Rz)(n —ﬁk)] v,<0

[Z%m (n-pf-r

2

{2

(SA1) &% :=g¥ig" Vi arepositive definite.
Tokyo Inditute of Technology I Jechnoloay.
m Analysis m Analysis
Tokyo Institute of Technology Tokyo Institute of Technology
s Analysis * Analysis
leferentlatlng this potential functlon yields o H H R If thereis no collision in initial condition, \_is bounded. And from (4)
A zz b dt(;—z)T(z' z)+2¢(e )+= Zzg[ [ PR ] V. doesn’t go to infinity. This means collisions don’t occurs.
e e H - Note: We show collisions don’t occurs. However we can’t guarantee achievement
18Sd Hp Bl - of output synchronization. Rigid bodiesconvergeto acondition satisfied
+ZZZa min 7‘“} 5t
i=1 =1 |l — w
2_ _
3] T & o-pf %) Yw(z-2)+ % ponl R,
"ol (n-p-r o it o) ﬂ\n pl'-r
(R2- RZ=r?*lp - Bl - _
+ % M(n_m ‘[Zw‘,(z—zj) + Z %}k“)(n—m) =0
Tm) (p - B —)r )3 i ey o -Bil) (Hp‘—p,kH —rzf
R-r?)p-p[-R R—ln-nlf-R - ime’ —e)=0 Vi, ]
+ ; ( 1”92 IH (-p)+ Z ( X”ﬁ znkH )(nfnk) !LT(E e)=0 Vi,j
ieNy e q‘p—p,H -r? ienG Tnil) (”P‘WH —rzr
(P-B) | % ——ZZ W A€ +e ¥ (e e )

n R-12)|p - B 2_
+[.§' IEAL‘%’ERK“)( q‘ p ﬁ‘ ;kHZ —erZ)a ) J =L jeN,
<0 4) ﬂ
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Future Works

1. Experiments
2. Extension to Visual Attitude Coordination

3. Extension of Effective Coverage Control using

Appendix

1. Property of e’
2. Derivative of Potential Function(Nonholonomic Case)

3. Calculation of Invariant Set

Visua Sensor
and so on. 4. Propertiesof Pi
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i
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PY| Zo PY| Z6
m Property of € m Property of €
® Property of e‘fg # Property of eﬁa
We show ;Z
- ><e
et 2w ( o &a = {— g
Pz 7[))\\_ ¢ N
e’y (p-p) e’y . (p-R)
From —((q‘ )" q‘ ZJ (g L)T ZJ s
A ) ) xet Y (PP - xe v (Pi=p
; DINCET N izj < I
¢ = | +sin@f + (1 cosf)E?
this rande+(-cos0)s (. (bxc)xa=(a"b)c—(a"c)b
X N R e g )
e’/"qiL=(I +sind¢& +(1—cosﬁi)§i2)‘1iL §a= ke —42 B p) : z ((ql i zm‘(pj
A e -0 xe:zl )
=(1+sn6& +(1-cosg)(EE" - Dt i o
. N € Z] Ni ‘ _ (qu)T Z
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@ Property of e‘fg
ehqgt —(I +sing& +(1-cosh)E? )q

=[es’z L -m-(@yety .))qﬁ]msw
SPYMCELY B
[e{z (p-m-aye Z - p))rr] {W &Y (- n)J
HegZ (b= SRR
ey (e

R mH
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Property of €

® Property of eﬁa
eq!
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:(I +sin9i£ +(1—cos:9‘)sf‘2)q‘i
=q +sngéq’ +(1-cosd)(EE - g

=g +sing Z, wu(Pi=P)- ((q ye {zi x (P~ p))q —(1-cos8)q'|
xel Y (p )| |
=sing, eﬁf‘Zie.‘v‘(pi_pw)_((qwi)Te{‘zl .(p'_p‘)}q‘i +c0s6,g"
‘ A €N _p‘)H -
sne e’f‘zlm(pi p) ((q‘) e42lA )q +oos8 g
d ot ZJ " pl)Hst o
(S m-lay egz,ﬂ:(prm)q* ©oosagt
H ;ZJEM J_pi)H ) 36
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Iml Derivative of Potential Function(Nonholonomic Case)
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» Convergence of positions
Define the potential function asthefollowing function

V—pr p= 422 (P -

2 i1 jeN
Differentiating this potential function yields

V=p'L,p

3-m
@(q.j(q.f)T)al
Y I o =e UICEEY

. 3m,
€k, (o (@H) e,
=1

=
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m Derivative of Potential Function(Nonholonomic
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Vi=p'L,p
3-m R
& klz(q.f(qi)* )e’{’ 2w, (pp)
=-p'L, . :
e (q\ (Q\ ) )e Z i (P =
3m
& kllz(ct(qff) o Z%(ra p)|
=—p'L, ) ' . o
er K, m‘(qf(qt)T) en J;\;‘M‘, pn’pj |

=)

b
=1

. . { . ) L,p
knz(q. @) e

Ia=1

& k> (G @)
=-p'L) '
y
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m Calculation of Invariant Set m Calculation of Invariant Set
Tokyo Ingtitute of Technology Tokyo Institute of Technology
» Convergence of positions (LaSalle's Invariance Principle) » Convergence of positions (LaSalle's Invariance Principle)
In order to show the later caseisn't invariant, we show that 2] :kssk(e’/") B =46 .
@) Ye4(p-p)=0 D(p-p)#0 Vi ) _axety  (p-p)
Y N =kysingé R N
| ) . Y, -p)
= — @) Xe (p-p)|20 3. gixe Y (p=p)
dt jen, =Ky Snﬂ{— e z v(pJ p)
d ) ’ ) g xe Y (P p‘)H =cos™| (g) 7{ Ie!
2@ T (r-p) [=@) Te7 (-p)+@) Y&’ (h-p) a'xe’S  (p,-p) [ 2 (pi )]
dt jeN; JeN; JeN; —k.sné 4 jeN; pJ b

=@ Zé’f‘ (-p)
=)' Z(é@) (R-p)

jeN;

=—@) Y@’ (n-p)

jeN:

cl

singe’ Y | (p,-p)
a'xe’Y  (p-R)
[ 2 (0]

_k{qﬁxeiz“‘(pi -p) ]

— Ne

DINCED DINCE ) =
@ [g;;] P

=—kg|e Zm (e p)\
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—mf)[ 20 ”)][ (a- p)}t{ P R)}crze{”mp,)

(6)'q" =0

_mmmm

=@ @Yel(n-p) €'Y, (p-p)|
L e T iav‘ — | . " s
m Calculation of Invariant Set m Propertiesof Py
@ Convergence of positions (LaSal€'s Invariance Principle) ? Ek :/J\kq —ﬁ}kaﬂ) pi. R,
g[(qL)T Ze’; (- )] Pic = M B (+/u|k Fo)u) Hi O Hix =m
o3 Qv ' =—Hy Hp kHZ P (P —0) + 2 B
=@V aYe'(n-p) ( My
! i p\_ok)(p\_ok) n -
jeN; = 0 KA K2 +
L o . Hik H n 70L<H2 P+ 4y B
=k (@)'|a" = <Y el (n-p) (p,—-0)(p,—0,)" -0,
g £ — L Ik i (3 K
H 2P H = o Uy L wl-a,@) )b &= H -y

* (p-PB) B =0
(P =P B =(P — P — A= 14,)00)" 4 (1 =2, (&) )y
=1 1)(p ~0) (1 -2, (@) ),
= (- )P -0k (1 - a (a) )b,
= (1) td(p _Ok)H(aiTk —ala,(a)")p

= (1_/1\k)luikH( pi- Ok)H(aiTk -a )D‘ =0
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