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Previous Results
Rigid Body Motion
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: Graph),(: EV=G
},1{: nL=V : A set of vertices indexed by set of rigid-bodies

VVE ×⊆ : A set of edges the represent the neighboring relations

Using a graph to represent the Intersection topology

neighborhood : A set of rigid-bodies whose information is available to rigid-body i

Graph consist of a pair:GGraph ),,( WEV , where V
finite nonempty set of nodes, VVE ×⊆
of pair of nodes, called edges and 
of weights over the set of edges.

W

: A weight on an edge      and A set of weights over the set of edges ijeW,ijw
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Previous Results
Goal Output Synchronization
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Assumptions
(A1) ieς̂the rigid-bodies’ orientation matrices, i∀ are positive definite.
(A2) Graph is fixed, strongly connected and each weights are positive

, i.e.  0>ijw ji,∀ .

Control Input

ijw is weight of edge
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Rigid Body Motion in SE(3)

Rigid-body Motion in SE(3)

linear velocity

angular velocity
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Simplified Assumptions (SA)
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Graph Structure

: Graph),(: EV=G
},1{: nL=V : A set of vertices indexed by set of rigid-bodies

VVE ×⊆ : A set of edges the represent the neighboring relations

Using a graph to represent the Intersection topology

iNneighborhood : A set of rigid-bodies whose information is available to rigid-body i

Graph consist of a pair:GGraph ),,( WEV , where V
is a finite nonempty set of nodes, VVE ×⊆
is a set of pair of nodes, called edges and 

is a set of weights over the set of edges.W

: A weight on an edge      and A set of weights over the set of edgesije
: An edge from node i to node j. 

W,ijw
E∈ije

Simplified Assumptions (SA)

(SA2) The weights are positive and symmetric. i.e. 0>ijw ij N∈
.i∀

,

(SA3) The graph is undirected, strongly connected and fixed.
jiij ww =,
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Weighted Graph Laplacian
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Properties
Eigenvalues have nonnegative real part and its minimum is 0.
If the graph is strongly connected, rank       is n-1. wL
If (SA2) and (SA3) is satisfied, wL is symmetric and positive definite.  
If the graph is balanced (included undirected) and the weights are symmetric,  
then                  [1].01 =w

T L
[1] D. J. Lee and M. W. Spong, ‘‘Stable Flocking of Multiple Inertial Agents on Balanced Graphs,’’ IEEE Trans. On Automatics Control , 

Vol. 52,  No. 8,  pp. 1469—1475, 2007.
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Nonholonomic Constraint
2D Plane
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Output Synchronization

Goal Output Synchronization ([7], pp. 109 Definition1)

nji ,,1, L=∀( ) 0)()(lim =−
∞→

tyty jit

In the absence of communication delays, the rigid-bodies are said to output 
synchronize if 

[7] N. Chopra and M. W. Spong, ‘‘Passivity-Based Control of Multi-Agent Systems,’’ in Advance in Robot Control: From Everyday Physics 
to Human-Like Movements, S. Kawamura and M. Svnin, eds., pp. 107—134, Springer, 2006.

)3(SEgy ii ∈=By the definition of the output
, output synchronization implies that
the position and attitude of all the rigid bodies

both of 

converge to the same value.

Strategy
Due to nonholonomic constrains it is difficult that positions and orientations of all 
rigid-bodies converge simultaneously to the same value. 

Step1: Velocity Input is considered to converge positions to the same value.
Step2: After the objection of Step1 is achieved,  velocity input is switched to

converge orientations to the same value without changing positions.
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Rendezvous Problem for Nonholonomic Agents

[2], D. V. Dimarogonas and K. J. Kyriakopoulos, ‘‘On the Rendezvous Problem for Multiple 
Nonholonomic Agents,’’ IEEE Trans. on Automatic Control, vol. 52, no. 5, pp. 916—922, 2007.

Step1: Velocity Input is considered to converge positions to the same value.
2D Plane
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Velocity Input for position convergence

Step1: Velocity Input is considered to converge positions to the same value.
In this presentation
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Velocity Input for position convergence

Step1: Velocity Input is considered to converge positions to the same value.
In this presentation
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Convergence

Convergence of positions

Define the potential function as the following function

pLpV w
T

2
1:=

∑∑
= ∈

−=
n

i j
jiij

i

ppw
1

2)(
4
1

N

c.f. If there exists no noholonomic constraint, 
the potential function is

∑
=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+=

n

i ei
i

T
i

pi
i

ie
k

pp
k

V
1

ˆ )(1
2

1: ζφγ.

Differentiating this potential function yields

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−=

∑

∑
−

=
⊥⊥

−

=
⊥⊥

n

n nn

i

n
m

l
T

lln

m

l
T

ll

w
T

qqk

qqk

e

e
LpV

3

1

3

11

ˆ

ˆ

)(

)(
1 11

1

OO&

ζ

ζ

pL
e

e

w
n ⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−

ζ

ζ

ˆ

1̂

O

0≤ . (Please see appendix in detail.)

15
Fujita LaboratoryTokyo Institute of Technology

Tokyo Institute of Technology

Convergence

Convergence of positions (LaSalle's Invariance Principle)
0=V&When , it is possible to occur the following cases. 
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Convergence

Convergence of positions (LaSalle's Invariance Principle)
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Velocity Input for position convergence

Velocity Input

0=iv

∑
∈

−=
i

ji

j
eii eek

N
)(sk

ˆˆ ζζω
i∀

We can show orientations of all rigid-bodies converge to the same orientation using
The following potential function

Step2: After the objection of Step1 is achieved,  velocity input is switched to
converge orientations to the same value without changing positions.
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Problem
Each rigid-body doesn’t always know all rigid-bodies’ positions are the same.
Note: Each rigid-body can get the information about only neighborhoods. 

Convergence of step1 and step2 is shown separately.
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Rigid Body Motion in SE(3)

Rigid-body Motion in SE(3)

linear velocity

angular velocity
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Graph Structure

: Graph),(: EV=G
},1{: nL=V : A set of vertices indexed by set of rigid-bodies

VVE ×⊆ : A set of edges the represent the neighboring relations

Using a graph to represent the Intersection topology

iNneighborhood : A set of rigid-bodies whose information is available to rigid-body i

Graph consist of a pair:GGraph ),,( WEV , where V
is a finite nonempty set of nodes, VVE ×⊆
is a set of pair of nodes, called edges and 

is a set of weights over the set of edges.W

: A weight on an edge      and A set of weights over the set of edgesije
: An edge from node i to node j. 

W,ijw
E∈ije

Simplified Assumptions (SA)

(SA2) The weights are positive and symmetric. i.e. 0>ijw ij N∈
.i∀

,

(SA3) The graph is undirected, strongly connected and fixed.
jiij ww =,

4v

1v

2v

3v

5v 15w

},{ 423 vv=N

51w
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Weighted Graph Laplacian

⎪
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−==

∑
∈

0
:}{ ij

j
ij

wijw w
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LL
iN

if

if
if

ji =

ij N∈

ij N∉

Definition

Example
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

nγ

γ
γ M

1

0=γT
wL, s.t.

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−−

=

4004
3300

0220
0516

wL

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

54.0
73.0
18.0
36.0

γ
,

1v
2v

3v

112 =w

4v
223 =w

334 =w

414 =w 513 =w

Properties
Eigenvalues have nonnegative real part and its minimum is 0.
If the graph is strongly connected, rank       is n-1. wL
If (SA2) and (SA3) is satisfied, wL is symmetric and positive definite.  
If the graph is balanced (included undirected) and the weights are symmetric,  
then                  [1].01 =w

T L
[1] D. J. Lee and M. W. Spong, ‘‘Stable Flocking of Multiple Inertial Agents on Balanced Graphs,’’ IEEE Trans. On Automatics Control , 

Vol. 52,  No. 8,  pp. 1469—1475, 2007.
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Collision and Output Synchronization
Definition (Collision) 

2
r

ip
2
r

jp

rpp ji ≤−

Collision

2
r

2
r

jp

rpp ji >−

iprpp ji ≤− 0>r
Collision between rigid-body i
and j occurs if

.

Not collision

.

Output Synchronization

Since ⎥
⎦

⎤
⎢
⎣

⎡
=

10

ˆ
i

i
pe

y
iς

, output synchronization and collision avoidance are satisfied
simultaneously.

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡ +
=

1010

ˆˆ
iii

i
zedpe

y
ii ζς

If output synchronization means

ijjit
dpp =−

∞→
)(lim

jiij ddd −=:

0)(lim
ˆˆ =−

∞→

ji ee
t

ζζand .

iii dpz +=

Rdd ji ≥−

ijd
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Potential Function
Potential Function for Collision Avoidance

.Due to collision avoidance the following potential function is considered [3].

( )
2

22

22

,0min
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−−

−−
=−

rpp

Rpp
ppU

ji

ji
jiij

( )xUij

x

0>> rR

If rpp ji =− , then ( ) ∞=− jiij ppU .

If Rpp ji ≥− , then ( ) 0=− jiij ppU .

[1] D. J. Lee and M. W. Spong, ‘‘Stable Flocking of Multiple Inertial Agents on Balanced Graphs,’’ IEEE Trans. On Automatics Control , 
Vol. 52,  No. 8,  pp. 1469—1475, 2007.

0
r R

Derivative of potential function is 

( ) =
∂
∂ xU
x ij

0

0

x
rx

RxrR
322

2222

)(

))((
4

−

−−
if

if

if

Rx ≥

rxR ≥≥

xr >
x

( )xU
x ij∂

∂

r R
. 
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Potential Function
Potential Function for Collision Avoidance

.Sum of the potential functions
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Derivative of  sum of the potential functions is 
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Obstacle Avoidance
Obstacle 

ko
koR kO

ko : center
: radius

koR
kO : a set of obstacle

In this presentation we assume that obstacles are sphere
and don’t move.
Collision between rigid-body i and obstacle k if

rpp iki <− ~ 0>r ,
where

kikiikik opp )1(:~ µµ −+=
ki

o
ik op

R
k

−
=µ

{ }
kokk RoppO ≤−= |:

.
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koR

2
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i
T
ikik paaI &)( −iki pp ~−

Potential Function for Obstacle Avoidance
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Properties
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Velocity Input for Collision and Obstacle Avoidance

i∀

Velocity Input
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33×∈RiK 0)( >+ T
ii KK

For collision avoidance

For obstacle avoidance

For output synchronization

ijd

output synchronization

2
r

2
R

2
r2

R

ip
jp

( )jiU ppNj
i

−∈

collision avoidance

( )jiij
ji

ppU
pp

−
−∂
∂

ko

2
rikp~

kO

iki pp ~−

obstacle avoidance

27
Fujita LaboratoryTokyo Institute of Technology

Tokyo Institute of Technology

Velocity Input for Collision and Obstacle Avoidance

i∀

Velocity Input
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For obstacle avoidance
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(SA1) cii eee ςςς ˆˆˆ : −= are positive definite. i∀

Simplified Assumptions (SA)
(SA4)
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Analysis

Analysis
We show collision doesn’t occur.
Define the potential function as the following function
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From definition of potential function                if and only if collision happens.∞=CV
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Analysis

Analysis
Differentiating this potential function yields
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Analysis

Analysis
If there is no collision in initial condition, 

CV is bounded. And from (4)
CV doesn’t go to infinity. This means collisions don’t occurs.

Note: We show collisions don’t occurs. However we can’t guarantee achievement 
of output synchronization. Rigid-bodies converge to a condition satisfied 
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Future Works

2. Extension to Visual Attitude Coordination

and so on.
M

1. Experiments

3. Extension of Effective Coverage Control using 
Visual Sensor
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Appendix

1.   Property of 

2.   Derivative of Potential Function(Nonholonomic Case)

3. Calculation of Invariant Set

4.   Properties of

θξ̂e

ikp~
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Property of 
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Property of θξ̂e

Property of θξ̂e
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Property of θξ̂e

Property of θξ̂e
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Property of θξ̂e

Property of θξ̂e
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Derivative of Potential Function(Nonholonomic Case)

Define the potential function as the following function
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Derivative of Potential Function(Nonholonomic
Case)
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Calculation of  Invariant Set

Convergence of positions (LaSalle's Invariance Principle)
,In order to show the later case isn’t invariant, we show that
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Calculation of  Invariant Set

Convergence of positions (LaSalle's Invariance Principle)
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Calculation of  Invariant Set

Convergence of positions (LaSalle's Invariance Principle)
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Properties of 
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