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Previous Results
Agent Model
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: Graph),(: EVG =
},1{: nV L= : A set of vertices indexed by set of agents

VVE ×⊆ : A set of edges the represent the neighboring relations

Using a graph to represent the Intersection topology
:GGraph Graph consist of a pair ))(),(),(( GWGEGV , where

)(GV is a finite nonempty set of
)()()( GVGVGE ×⊆ is a set of pair of nodes

,called edges and W(G) is a

iNneighborhood : A set of agents whose information is available to agent i

nodes, 

set of weights over the set of edges.

W : A set of weights over the set of edges 
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Previous Results
Goal Attitude Coordination
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Analysis (07 5/15 FL semi)
Assumptions (A1)  At the initial time

)0(ˆieς0=t , the agents’ orientation matrices, i∀
are positive definite

T
w

T L 0=γ [ ]n
T γγγ L1= 0>iγ i∀

:wL Weighted Graph Laplacian
(A4) 

1=iv i∀ each agent’s speed is constant and normalized.(A2) 
(A3)Graph is fixed, strongly connected and each weights are 

positive. i.e.  0>ijw ji,∀
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Remark on Previous Results

Remark on Previous Result
In this my presentation, we first show that the assumption (A4)

T
w

T L 0=γ [ ]n
T γγγ L1= 0>iγ i∀

:wL Weighted Graph Laplacian
is satisfied if the graph is strongly connected. 

This means the assumption (A4) is redundant.
assumption (A3)

We prove the following lemma.

lemma1 Consider the weighted graph and each weights are positive, i.e. 0>ijw

such that
ji,∀ . If the weighted graph is strongly connected, there exists a positive vector

γ 0=γT
wL :wL is weighted graph laplacian defined by, where 
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Reducible and Irreducible
In order to prove lemma1, we use the following things.

reducible(可約性) and Irreducible (既約性)
nonnegative matrices (非負行列) and Perron-Frobenius theorems

[1] R. Horn and C. Johnson, ‘‘Matrix Analysis’’, 1985

Definition ([1], pp. 361 6.2.21 Definition, [2], pp.11) reducible
A matrix nnA ×∈R is said to be reducible if either

1=n ;0=Aand or(a)
(b) 2≥n , there is a permutation matrix nnP ×∈R , and there is some integer

r with 11 −≤≤ nr such that

⎥
⎦

⎤
⎢
⎣

⎡
=

D
CB

APPT

0
where rrB ×∈R rnrnD −×−∈R rnrC −×∈R, , and rrn ×−∈R0 is a zero matrix.

Definition ([1], pp. 362 6.2.22 Definition, [2], pp.11) irreducible
A matrix nnA ×∈R is said to be irreducible if it is not reducible. 

[2] 児玉、須田: システム制御のためのマトリクス理論, 1978 8
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Irreducible and strongly connected
Example

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

001
001
110

1A is irreducible.
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

001
000
100

2A is reducible.

[1] R. Horn and C. Johnson, ‘‘Matrix Analysis’’, 1985

In fact, there is relationship between irreducible matrix and strongly connected graph.

Theorem ([1], pp. 362 6.2.24 Theorem, [2], pp. 24 定理 1.2)
Let nnA ×∈R The following are equivalent:

(a)
(b)

, ,

.
A is irreducible;

[2] 児玉、須田: システム制御のためのマトリクス理論, 1978

)(AΓ is strongly connected.

)(AΓ means the graph having the adjacency matrix A* .

From definition and theorem, If matrix nnA ×∈R is irreducible, then A−
wL

and
are irreducible. weighted graph laplacian
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Nonnegative Matrix and Perron-Frobenius theorems

[1] R. Horn and C. Johnson, ‘‘Matrix Analysis’’, 1985
[2] 児玉、須田: システム制御のためのマトリクス理論, 1978

Definition ([1], pp. 359 6.2.17 Definition, [2], pp.295) nonnegative matrix
Let nn

ijaA ×∈= R][ We say that . A is nonnegative if all its entries ija
are nonnegative. We say that A is positive if all its entries ija are positive. 

Example

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−
=

100
021
012

1A is not nonnegative matrix.
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

301
0210
1102

2A is nonnegative matrix.

Theorem Perron-Frobenius Theorems  ([1], pp. 508 8.4.4 Theorem, [2], pp. 304 定理11.4)

Let nnA ×∈R and suppose that A is irreducible and nonnegative. Then
(a) ;0)( >Aρ
(b) )(Aρ is eigenvalue of ;A
(c) There is a positive vector x such that ;)( xAAx ρ= and
(d) is an algebraically (and hence geometrically) simple eigenvalue of )(Aρ A .

)(Aρ is the spectral radius.*

Positive vector is a vector whose elements are positive.* .
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Lemma1 
We try to prove the following lemma

Proof:

lemma1 Consider the weighted graph and each weights are positive, i.e. 0>ijw

such that
ji,∀ . If the weighted graph is strongly connected, there exists a positive vector

γ 0=γT
wL :wL is weighted graph laplacian defined by, where 
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and matrix P as the following
T
wwiii

LILP −= max: I is elementary matrix..

wiii
Lmax is the maximum diagonal element

of matrix wL .(1)
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Lemma1 

P
If the graph is strongly connected and each weights are positive, the matrix

has the following properties.
(a) the matrix P is irreducible.
(b) the matrix P is nonnegative.

From Definition matrix P , the following equation is satisfied
)(max)( wwiii

LLP λλ −=

where )(Pλ )( wLλis eigenvalue of matrix P and is eigenvalue of matrix wL .

Using Perron-Frobenius theorems, there is positive vector γ such that
γργ )(PP = . )(Pρ is spectral radius of matrix P .(2)

So we can show 
wiii

LPP max)(max)( == λρ . (3)
Substitute the equation (1) and (3) to the equation (2)

( ) ( )γγ wiii

T
wwiii

LLL maxmax =−
0=− γT

wL
0=γT

wL γ is a positive vector. Q. E. D.
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Attitude Coordination in SE(3)
Agent Model
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VVE ×⊆ : A set of edges the represent the neighboring relations

Using a graph to represent the Intersection topology
:GGraph Graph consist of a pair ))(),(),(( GWGEGV , where
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,called edges and W(G) is a

iNneighborhood : A set of agents whose information is available to agent i
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set of weights over the set of edges.
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Attitude Coordination in SE(3)
Goal Attitude Coordination
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Assumptions (A1)  At the initial time

)0(ˆieς0=t , the agents’ orientation matrices, i∀
are positive definite

T
w

T L 0=γ [ ]n
T γγγ L1= 0>iγ i∀

:wL Weighted Graph Laplacian
(A4)

1=iv i∀ each agent’s speed is constant and normalized.(A2) 
(A3)Graph is fixed, strongly connected and each weights are 

positive. i.e.  0>ijw ji,∀
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Problem Statement
Rigid Body Motion
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Using a graph to represent the Intersection topology

: Graph),(: EVG =
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VVE ×⊆ : A set of edges the represent the neighboring relations

:GGraph Graph consist of a pair ))(),(),(( GWGEGV , where
)(GV is a finite nonempty set of

)()()( GVGVGE ×⊆ is a set of pair of nodes
,called edges and W(G) is a

iNneighborhood : A set of agents whose information is available to agent i

nodes, 

set of weights over the set of edges.

W : A set of weights over the set of edges 
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Goal

Goal Output Synchronization ([3], pp. 109 Definition1)

A group of agents is said to output synchronization,when all agents converge to the 
same output between the agents. 

nji ,,1, L=∀0)()(lim =−
∞→

tyty jit

In the absence of communication delays, the agents are said to output synchronize if 

In reference [1] and [2],  m
i Rty ∈)( . In my case, )3()( SEtyi ∈ .

This is a different point between reference [1] and my case. 

[3] N. Chopra and M. W. Spong, ‘‘Passivity-Based Control of Multi-Agent Systems’’ in Advances in Robot Control: 
From Everyday Physics to Human-Like Movements, pp. 107-134, Springer-Verlag, Berlin, 2006

In this case, [ ]iepy ii
ς̂= . So, if output synchronization is achieved, all agents

have the same position and orientation.
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Control Input

Control Input
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Assumptions

Assumptions (A)
At the initial time

1=iv i∀ each agent’s speed is constant and normalized.
(A1)
(A2)

)0(ˆieς

(A4) Elements of left eigenvector of the following matrix associated with  
eigenvalue 0 can be positive.

0=t , the agents’ orientation matrices, i∀ are
positive definite

(A2)Graph is balanced, fixed, strongly connected and each weights are 
positive. i.e.  0>ijw ji,∀

lemma1 Consider the weighted graph and each weights are positive, i.e. 0>ijw

such that
ji,∀ . If the weighted graph is strongly connected, there exists a positive vector

γ 0=γT
wL :wL is weighted graph laplacian defined by, where 
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Passivity

Lemma2 ([4] pp. 42, Lemma 1) Consider the rigid body motion given by
(1). Then the following equation hold for the each rigid body motion.

where [ ]TT
i

T
i

T
i v ων =: [ ]TTT

i
T
i

ii epe ))(sk()(: ˆˆ ∨= ςςµ,

In this case, the following equation is satisfied.

βµν −≥∫
T

i
T
i dt

0
0>β

[4]M. Fujita, H. Kawai and M. W. Spong, ‘‘Passivity-based Dynamic Visual Feedback Control for Three Dimensional Target
Tracking:  Stability and L2-gain Performance Analysis,’’ IEEE Trans. On Control Systems Technology Vol. 15, No. 1, pp. 40-52 (2007)

Proof: This lemma can be easily proven by direct calculation of the derivative of 
the positive definite function      .iV

)(tr
2
1

2
1:)(

2
1 ˆ2ˆ2

ii eIpepV iii
ζζφ −+=+=

Let us consider as the input andiν iµ As its output. Then, Lemma2 says that the
Basic representation for the rigid body motion is passive [5] from the input iν to

iµthe output

[5] H. Khalil, Nonlinear Systems, 2002 20
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Theorem1

Define the potential function as the following function
Sketch of Proof

iγ

Theorem 1 Consider the each rigid body motion given by (1). Under

Namely
the assumptions (A), the control input (2) achieves output synchronization.
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Theorem1
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Theorem1
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Theorem1
Equation

can be changed to

⎪
⎪
⎩

⎪⎪
⎨

⎧

−==

∑
∈

0
}{ ij

j
ij

kijk k

k

LL
iN

if
if
if

ji =

jNi ∈

iNi ∉

T
k

T L 0=γ

( )∑∑
= ∈

+−
n

i
jii

Nj
ij VVw

i1

γ

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

n

w
T

V

V
L M

1

γ

So
( ) 0

1

=+−∑∑
= ∈

n

i
jii

Nj
ij VVw

i

γ

Consequently

( )∑∑
=

−−

∈
⎟
⎠
⎞

⎜
⎝
⎛ −+−−−=

n

i
jii

Nj
ij

jiii

i

eeIeeppwV
1

ˆˆˆˆ2
))((tr

2
1)(

2
1 ζζζζγ&

ie i ∀ς̂Now rotation matrices are assumed to be positive definite, therefore
they satisfy the following inequality

( ) ( ) ( )( ) ( ) ( )ABBABBABB TTT )tr(trtr maxmin +≤+≤+ λλ
24

Fujita LaboratoryTokyo Institute of Technology

Tokyo Institute of Technology

Theorem1
Therefore the derivative of the potential function reduces to 

∑∑
=

−−

∈
⎟
⎠
⎞

⎜
⎝
⎛ +−−−≤

n

i
jii

Nj
ij

jiii

i

eeeeppwV
1

ˆˆˆˆ
min

2
)()(

2
1)(

2
1 ζζζζ φλγ&

( ) 0)()()(
2
1

1

ˆˆˆˆ
min

2
≤++−−= ∑∑

=

−−

∈

n

i
jii

Nj
ij

jiii

i

eeeeppw ζζζζ φλγ

Using LaSalle's Invariance Principle

0)(,0)(0
ˆˆ2

==−⇔= − ji eeppV ji
ζζφ&

0)()(
2
1)(

2
10

1

ˆˆˆˆ
min

2
≤⎟

⎠
⎞

⎜
⎝
⎛ +−−−≤= ∑∑

=

−−

∈

n

i
jii

Nj
ij

jiii

i

eeeeppwV ζζζζ φλγ&

0)()(
2
1)(

2
1

2
1

1

ˆˆˆˆ
min

2
=⎟

⎠
⎞

⎜
⎝
⎛ +−−−− ∑∑

=

−−

∈

n

i
jii

Nj
ij

jiii

i

eeeeppw ζζζζ φλγ
0>iγ

0>ijw
( ) 0ˆˆ

min >+ − ii ee ζζλEji ∈),(

Now the graph is assumed strongly connected, so

Eji ∈),(
0)(

ˆˆ =− ji ee ζζφ
ji,∀

0)(
ˆˆ =− ji ee ζζφ

0)(
2

=− ji pp 0)(
2

=− ji pp



Output Synchronization in SE(3) -Passivity 
Approach-

5

25
Fujita LaboratoryTokyo Institute of Technology

Tokyo Institute of Technology

Theorem1

Each agents converge to the same output Q.E.D.

means position and orientation of every i-th0)(
ˆˆ =− ji ee ζζφ0)(

2
=− ji pp ,

rigid body converge to the same value and now ][ îepy ii
ς= .

26
Fujita LaboratoryTokyo Institute of Technology

Tokyo Institute of Technology

Summary

Potential Function

Rigid Body Motion
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Assumptions (A)
At the initial time(A1) )0(ˆieς0=t , the agents’ orientation matrices, i∀ are

positive definite
(A2)Graph is fixed, strongly connected and each weights are 

positive. i.e.  0>ijw ji,∀
Goal 0)()(lim =−

∞→
tyty jit
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Extension of Output Synchronization in SE(3)

In section 3, we choose the input as
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If output synchronization is achieved i.e

.
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0
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i

b
iv

ω .

It means that if output synchronization is achieved, then all output don’t change.

time [s]

phase [rad]

In Kuramoto oscillator, phase changes even if synchronization is achieved.

time [s]

phase [rad]

Kuramoto oscillatorFlocking
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Refine the control input

We change the input to the following.

If output synchronization is achieved i.e

.
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]

z
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Using this input, the output change even if output synchronization is achieved.

x [m]

y [m
]

z
[m

]

0=cω
0=cv

0≠cω
0=cv
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Refine the control input

Attitude Coordination
1=iv i∀ each agent’s speed is constant and normalized.
0=cω

Kuramoto Oscillator
Not consider about positions.
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Relationship between Flocking and Kuramoto Oscillator

Now we try to prove that output synchronization is achieved using the input (3).
When we prove the convergence, we use the following idea.

Flocking in 2D, the closed loop is

)sin( ji
Nj

i
i

θθθ −−= ∑
∈

& .

(* We omit the grain to be simplified.)

Kuramoto Oscillator’s model is

)sin( ji
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i
i
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∈

&

(* We assume the natural frequencies iω
are the same for all oscillator.)

)4(

)5(

We can translate from the equation (5) to the equation (4).
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Translation
Rigid Body Motion
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Translation

Now we consider ∫−=
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Translation
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Translation
Consequently if we use the control input (3), then the closed loop system is
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using the same way of proof in theorem1.
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Theorem2
Consequently the following theorem is satisfied.

Theorem 1 Consider the each rigid body motion given by (1). Under

Namely
the assumptions (A), the control input (3) achieves output synchronization.
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tyty jit

Sketch of Proof
Define the potential function as the following function
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After that, we can prove using the same way of theorem1.
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Simulation  

Kuramoto Oscillator
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Problem Statement
Rigid Body Motion in visual sensor
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in 2R that the visual sensors are required to cover.

View Angle
View Angle of the visual sensor is represented by
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Sensor Model
Sensor Model ( )ni ,,1L=

SM1: Each visual sensor has a peak sensing capacity of iM exactly at
the view angle is of the visual sensor. That is, we have

)()( iiii sAMsA >= 1<∀ is
SM2: Each visual sensor has a limited sensory domain )(tWi

visual angle iγ . The sensory domain of each visual sensor is given by
with a limited

{ }iii DqtW γα ≤∈= :)(

)( ii sA

)()( iiii sAMsA >=

SM3: Sensor Model
.

)( ii sA is positive iWq ∈∀ and 0 iWq ∉∀ .
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Information Model
Information Model
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The effective coverage achieved by a visual sensor surveying q from
the initial time 00 =t to time t is defined to be

and the effective coverage by a sub set of visual sensor iN in surveying q
is then given by

.

:),( tqIi Information map

:)( ii sA Sensor map of a visual sensor.

We assume

0),( =tqI
iN Dq ∈IC1:
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Objective Function
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Control Input
Control Input
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Theorem

Theorem 1 Consider the each rigid body motion in a visual sensor given

achieves
by (1). Under the Sensor Model SM1-3 and IC1, the control input (2)

*),( CtqIS = )(tWiin .

Sketch of Proof
Define the potential function as the following function
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Theorem
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Theorem

*),(0 CtqIV S =⇔=& iWq ∈∀ Si ∈∀ { }{ }niiS ,,1|: L==
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Future Works

2. Extension to Visual Attitude Coordination

3. Connection this result and game theory or MPC

and so on.M

1. Experiments

4. Extension of Effective Coverage Control using 
Visual Sensor


