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Cooperative Control

Consensus(合意) Flocking(群れ) Synchronization(同期)

Cooperative Control(協調制御)
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iv : velocity

iθ : heading
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oscillator
(振動子)
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Synchronization

http://physics.owu.edu/StudentResearch/2005/BryanDaniels/intro.html
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Flocking: Raynolds Model

Craig Raynolds 1987
Three simple local rules for “boids”

alignment(整列)

cohesion(結合)

separation(引き離し)
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Flocking: Raynolds Model

http://angel.elte.hu/~vicsek/
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Flocking: Vicsek Model
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Vicsek 1995

agent i

r

neighborhood of agent i

iθ

iθ : heading
iv : velocity

iv
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Flocking
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A. Jadbabaie, J. Lin and A. S. Morse 2003
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For small angles

Theorem(Jadbabaie et al. 2003)
If there is a sequence of bounded, non-overlapping time intervals kT
such that over any interval of length kT ,the network of agents is
“jointly connected”, then all agents will reach consensus on their 
velocity vectors

iθ : heading
iv : velocity

iθ

iv
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Flocking

ii vx θcos=&

ii vy θsin=&

ii u=θ&

iθ : heading
iv : velocity

iθ

iv

N. Moshtagh and A. Jadbabaie 2005
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Dynamics of agent i(continuous time)
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Cooperative Control

Consensus Flocking Synchronization
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CDC,2006

Discrete time model

Continuous time model

Output Synchronization
N. Chopra, M. W. Spong

generalize

Attitude Coordination
3D case(SE(3))

My research
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Previous Results

Goal Attitude Coordination
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Assumptions Graph is balanced, fixed and strongly connected.
At the initial time )0(ˆieς0=t , the agents’ orientation matrices, i∀

are positive definite
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Today’s Presentation

(Today’s Presentation)

Connectivity Analysis

Switching Topology
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sum of energy functions of each agents

Assumptions Graph is balanced, fixed and strongly connected.
At the initial time )0(ˆieς0=t , the agents’ orientation matrices, i∀

are positive definite
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Problem Statement
Agent Model
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Goal

Goal Attitude Coordination

A group of agents is said to Attitude Coordination,when all agents 
converge to the same orientation between the agents 

ji,∀0)(lim )(ˆ)(ˆ =−
∞→

tt
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: Graph),(: EVG =
},1{: nV L= : A set of vertices indexed by set of agents

VVE ×⊆ : A set of edges the represent the neighboring relations

Using a graph to represent the Intersection topology
:GGraph Graph consist of a pair ))(),(( GEGV , where

)(GV is a finite nonempty set of nodes and 
)()()( GVGVGE ×⊆ is a set of pair of nodes

,called edges

iNneighborhood : A set of agents whose information is available to agent i
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Control Input

Control Input
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Assumptions

Assumptions (A)

Example

1 2 3 4 5

1.012 =k 3.023 =k 5.034 =k 7.045 =k

2.021 =k 4.032 =k 6.043 =k 8.054 =k
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At the initial time
1=iv i∀ each agent’s speed is constant and normalized.

(A1)
(A2)
(A3) Graph is balanced, fixed and strongly connected.

)0(ˆieς

(A4) Elements of left eigenvector of the following matrix associated with  
eigenvalue 0 can be positive.
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Weighted Graph Laplacian

0=t , the agents’ orientation matrices, i∀ are
positive definite

18
Fujita LaboratoryTokyo Institute of Technology

Tokyo Institute of Technology

Assumptions

Remark
(A1) Rotation matrices ieς̂ are positive definite if and only if 

2
πθ <i

Maintaining the condition in assumption (A1) avoids the problem 
of singularity of orientation.

.

(A4) This assumption is satisfied if graph is not balanced.
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It means this assumption is milder than previous results.

Example(singular case)
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Passivity

Definition ([1] pp.236) The system
be passive. If there exists a continuously differentiable positive semidefinite

)(xV

,),( uxfx =& ),( uxhy = is said to

VyuT &≥
(called the storage function) such that

pn RRux ×∈∀ ),(
[1] H. Khalil, Nonlinear Systems, 2002

Proof: This lemma can be easily proven by direct calculation of the derivative of 
the positive definite function      .iV

Lemma Consider the agents given by (1). Then the following equation
hold for the each agent.
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T
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In this case, the following equation is satisfied.

function
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Convergence Analysis

Convergence Analysis

∑∑
==

−==
n

i

n

i

ii eIeV
1

ˆ
3

1

ˆ )(tr
2
1)( ςςφ Identity Matrix:3I

Define the potential function as the sum of orientation term of positive definite 
function     . iV This potential function is the same previous result’s potential function.

The derivative of this potential function along trajectories of the system (1) 
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Convergence Analysis
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Theorem1

Theorem 1 Consider the system n agents with mode given by (1). Under

Namely
the assumptions (A), the control input (2) achieves attitude coordination.
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Sketch of Proof
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Theorem1
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Therefore the derivative of the potential function reduces to 
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Theorem1

Using LaSalle's Invariance Principle
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Now the graph is assumed strongly connected, so
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Each agents converge to the same orientation Q.E.D.

means orientation of every i-th agent converge to the same value0)(
ˆˆ =− ji ee ζζφ
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Time delay case
The results can be extended to the case when are communication delay. In this case
by attitude coordination we mean the following

0)(lim )(ˆ)(ˆ =−−

∞→

tTt

t

jjii ee ςς ji,∀
Goal Attitude Coordination (time delay case)

:jiT sum of the delays along the path from the agent i to the agent j.
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Control Input

Attitude coordination in the above sense can by shown using the positive definite 
Lyapunov-Krasovskii function.
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The proof is similar to no time delay case. (Please see appendix2 in detail)
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Simulation

1 2 3 4 5

1.012 =k 3.023 =k 5.034 =k 7.045 =k

2.021 =k 4.032 =k 6.043 =k 8.054 =k

9.015 =k
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Simulation (no time delay)
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Simulation
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28
Fujita LaboratoryTokyo Institute of Technology

Tokyo Institute of Technology

Summary
Agent Model

ii vep iς̂=&
b
ii

ie ως ς̂= )1(
position
orientation
body velocity
angular velocity

( )ni ,,1L=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
∧

0
0

0
:

12

13

23

3

2

1

ωω
ωω

ωω

ω
ω
ω

3R∈ip
)3(ˆ SOe i ∈ς

3R∈iv
3R∈b

iω
iii ξθς =

R∈iθ
3R∈iξ

rotation angle
rotation axes

Control Input 0>ijk)2(

Assumptions
At the initial time )0(ˆieς

T
k

T L 0=γ [ ]n
T γγγ L1= 0>iγ i∀

0=t , the agents’ orientation matrices, i∀ are
positive definite

:kL Weighted Graph Laplacian

∑∑
==

−==
n

i

n

i

ii eIeV
1

ˆ
3

1

ˆ )(tr
2
1:)( ςςφiγ iγ

Potential Function

∑
∈

∨−=
i

ji

Nj

b
i ee )(sk ˆˆ ςςω ijk
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1.   About Cooperative Control
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4.   Switching Topology

5.   Feature works

digraph

strongly connected graph

graph considered this seminar

balanced graph

undirected graph

Extension
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Connectivity Analysis

Graph Structure and Convergence Speed

Consensus case
The second smallest eigenvalue of graph Laplacians               , called 
the algebraic connectivity, quantifies the speed of convergence.

)(2min Lλ

R. O. Saber, J. A. Fax and R. M. Murray, Proc. IEEE, 95-1, 2007

3)(2min =Lλ

1)(2min =Lλ

Example
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Assumptions

Assumptions (B)
In connectivity analysis, assumptions are changed to the following.

At the initial time

1=iv i∀ each agent’s speed is constant and normalized.

(B1)

(B2)
(B3)
(B4)

Graph is fixed and strongly connected.

)0(ˆ)0(ˆ ii ee ςς−

Elements of left eigenvector of the following matrix associated with  
eigenvalue 0 can be positive.

i.e. T
k

T L 0=γ [ ]n
T γγγ L1= 0>iγ i∀

⎪
⎪
⎩

⎪⎪
⎨

⎧

−==

∑
∈

0
}{ ij

j
ij

kijk k

k

LL
iN

if
if
if

ji =

iNj ∈

iNj ∉
Weight Graph Laplacian

0=t , the relative orientation matrices, ji,∀
are positive definite

iθ
iθ

region satisfied 
assumption (A1)

region satisfied 
assumption (B1)
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Theorem2

Define the potential function as the following function
Sketch of Proof

( ) ( ) ∑∑
= =

−=⎟
⎠
⎞⎜

⎝
⎛ ⊗

n

i

n

k

tTt ki eeeIMe
1 1

ˆˆ)(ˆ
3

)(ˆ )(tr
2
1 ζζζζ φ

Theorem 2 Consider the n agents (1) together with the angular velocity given
by (2). Under the assumptions (B),                     and graph is balanced, the
following inequality is satisfied.

( ) ( ) ( ) ( ) tLTtTt symeeIMeeIMe ελζζζζ )()0(ˆ
3

)0(ˆ)(ˆ
3

)(ˆ 2mintrtr −
⎟
⎠
⎞⎜

⎝
⎛ ⊗≤⎟

⎠
⎞⎜

⎝
⎛ ⊗

)(2min symLλ : second minimum eigenvalue of symL

jikij ,1 ∀=

where

( ) ( ) ( ) 33ˆˆˆ
1 ×∈⎥⎦

⎤
⎢⎣
⎡= nTTT

Reee nζζζ L ( ))(ˆ)(ˆ)(ˆ)(ˆ
min,,

min: tttt

tji
ijji eeee ζζζζλε −− +=

)(
2
1: T

sym LLL += TnIM 11
rr

−= : graph Laplacian of a complete graph
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

1

1
:1 M
r
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Theorem2
The derivative of the potential function is given as

( ) ( ) ∑∑
= =

−=⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞⎜

⎝
⎛ ⊗

n

i

n

k

tTt ki eeeIMe
dt
d

1 1

ˆˆ)(ˆ
3

)(ˆ )(tr
2
1 ζζζζ φ&

( ) ( )∑∑
= =

∨− +−=
n

i

n

k

b
i

b
i

T
ki ee

1 1

ˆˆ )(sk ωωζζ

( )∑∑ ∑
= = ∈

∨−∨−−=
n

i

n

k Nj

T

i

jiki eeee
1 1

ˆˆˆˆ )(sk)(sk2 ζζζζ

)ˆˆ(tr
2
1 babaT −=Using , we can show

( )( )∑∑∑
= = ∈

−− −=
n

i

n

k Nj i

jiki Ieeee
1 1

ˆˆˆˆtr
2
1 ζζζζ

Because of

( )( ) ( ) 0trtr
1 1

ˆˆˆˆ

1 1

ˆˆˆˆ =−=− ∑∑∑∑∑∑
= = ∈

−−

= = ∈

−−
n

i

n

k Nj

n

i

n

k Nj i

ikjk

i

jiik eeeeIeeee ζζζζζζζζ

the above equation can be rewrite

( )( )( )∑∑∑
= = ∈

−−− −+=
n

i

n

k Nj i

jiikki Ieeeeee
1 1

ˆˆˆˆˆˆtr
2
1 ζζζζζζ

∑
∈

∨−=
i

ji

Nj

b
i ee )(sk ˆˆ ςςω
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Theorem2

ie i ∀ς̂Now rotation matrices are assumed to be positive definite, therefore
they satisfy the following inequality

( ) ( ) ( )( ) ( ) ( )ABBABBABB TTT )tr(trtr maxmin +≤+≤+ λλ

( ) ( ) ( ) ( )∑∑∑
= = ∈

−−− −+−≤⎟
⎠
⎞

⎜
⎝
⎛

⎟
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⎞⎜

⎝
⎛ ⊗

n

i

n

k Nj

tTt

i

jiikki eeIeeeeeIMe
dt
d

1 1

ˆˆˆˆˆˆ
min

)(ˆ
3

)(ˆ tr
2
1tr

2
1 ζζζζζζζζ λ

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ ⊗−≤ ζζε ˆ

3
ˆtr

2
1 eILen

T

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ ⊗−= ζζε ˆ

3
ˆtr

2
eIMMLe

n sym

T

( )⎟
⎠
⎞⎜

⎝
⎛ += −− )(ˆ)(ˆ)(ˆ)(ˆ

min,,
min: tttt

tji
ijji eeee ζζζζλεQ

( )LnMLM 2=Q

( ) ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ ⊗−≤ ζζλε ˆ

3
ˆ

min2 tr
2

eIMeL
T

sym

Using Comparison Principle ([1] pp.102), we can show 

( ) ( ) ( ) ( ) tLTtTt symeeIMeeIMe ελζζζζ )()0(ˆ
3

)0(ˆ)(ˆ
3

)(ˆ 2mintrtr −
⎟
⎠
⎞⎜

⎝
⎛ ⊗≤⎟

⎠
⎞⎜

⎝
⎛ ⊗

Q.E.D.
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Theorem2’
If 0>ijk , the following matrix is important.

⎪
⎪
⎩

⎪⎪
⎨

⎧

−==

∑
∈

0
}{ iji

j
iji

wijw k

k

LL
i

γ

γ
N

if
if
if

ji =

iNj ∈

iNj ∉
knw LdiagL ),,( 1 γγ L=

Properties of wL
01
rr

=wL
T

w
T L 01

rr
=

( )01),,(1 1

rr
L

r
Q == knw LdiagL γγ

( )T
kn

T
w

T LdiagL 0),,(11 1

r
L

rr
Q == γγ

wL

ww LnMML 2=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

=−=

−−=

ww
T

T
w

T
w

LnnLnI

nILnIMML
2)11(

)11()11(
rr

rrrr
Q

is semipositive definite
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Theorem2’
If 0>ijk ,The theorem2 is changed to the theorem2’

Theorem 2 Consider the n agents (1) together with the angular velocity given
by (2). Under the assumptions (B), the following inequality is satisfied.

where

( ) ( ) ( ) 33ˆˆˆ
1 ×∈⎥⎦

⎤
⎢⎣
⎡= nTTT

Reee nζζζ L ( ))(ˆ)(ˆ)(ˆ)(ˆ
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2
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)(2min symLλ : second minimum eigenvalue of symL

Define the potential function as the following function
Sketch of Proof
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(Please see appendix3 in detail)
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Theorem2’
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the above equation can be rewrite
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The derivative of potential function is given as
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Theorem2’
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Switching Topology
We consider the situation where the information graph changes in time so as to make
the graph alternatively connected and disconnected. Disconnections mean there are 
communication failures.
Definition new notations

:cG
:dcG

A set of connected graph (stable situation)
A set of disconnected graph (unstable situation) connected graph

disconnected graph

:),,0( mktk L=
:),( tNG τ

Switching time

Switching times between τ and t

∫=
t

dssgtT
τ

τ ))((:),( X

Definition new functions

⎩
⎨
⎧

=
1
0

:(G)X if

if
cGtg ∈)(

dcGtg ∈)(

),( tT τ means unstable situation time.

(G)X

1

0
kt 1+kt
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Assumptions

Assumptions are changed to the following.

At the initial time

1=iv i∀ each agent’s speed is constant and normalized.

(C1)

(C2)
(C3)
(C3)

Graph is fixed and strongly connected.

ii ee ςς ˆˆ−

⎪
⎪
⎩

⎪⎪
⎨

⎧

−==

∑
∈

0
}{ ij

j
ij

kijk k

k

LL
iN

if
if
if

ji =

jNi ∈

iNi ∉

i.e. T
k

T L 0=γ [ ]n
T γγγ L1= 0>iγ i∀

Weight Graph Laplacian

0=t , the relative orientation matrices, ji,∀
are positive definite

Assumptions (C)

iθ
iθregion satisfied 

assumption (A1)
region satisfied 
assumption (C1)

(C4) Dkk tt τ≥− −1 0>Dτ :Dτ dwell timek∀
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Theorem3

Theorem 3 Consider the n agents (1) together with the angular velocity given
by (2). Under the assumptions (C), the following inequality is satisfied.

where
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Sketch of Proof
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From theorem2, if 
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If the graph is disconnected, rank of the graph Laplacian is below n-1.
1)(rank −≤ nL

),[ 1 ii ttt −∈
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Theorem3

Using (G)X , the equation can be rewrite as the following.
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then each agents’ orientation converge to the same value, even if the graph is 
changed
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Feature Works

2. Extension to Visual Attitude Coordination

3. Output Synchronization in SE(3)

4. Connection this result and game theory or MPC

and so on.M

1. Experiments
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Each agents converge to same orientation Q.E.D.

means orientation of every i-th agent converge to the same value0)(
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