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Passivity-based Attitude Coordination with
Weighted Graph

Flocking: Vicsek M odel Flocking
V; : velocity \ V; : velocity
6, heading [Zgngj(k)]+s.n6[(k) 6, heading (zgne_,(k)]+s'n9‘.(k)
% v |6+ =tan? J<h 6,(k +1) = tan™ >
= N [zcosej (k)]+oos@(k) %/ Vi [Zcosej (k)J+cosa ()
, o, ) ,~ & =

neighborhood of agent i

Loy —mmﬂ

For small angles

0(t+1) = ()(0 O+>.0, (t)]

JeN;

Theorem(Jadbabaie et a. 2003)

If there is a sequence of bounded, non-overlapping timeintervals 7,
such that over any interval of length 7} ,the network of agentsis
“jointly connected”, then all agents will reach consensus on their
velocity vectors

iy Flocking
— Tokyo | nstitute of Technology
N. Moshtagh and A. Jadbabaie 2005
V; : velocity Dynamics of agent i(continuous time)
6, heading & =veosf
y,=vsng,
0 =u,
u, ==Y sn(6,-6,)
JeN;
6,=-sin(6,-6))
JEN;
V4 T
-~<g<- = n
2 2 1

iy Cooper ative Control

Tokyo I nstitute of Technology

Consensus Synchronization

Flocking
Discrete time model

. Zsine/(k)]+s’n.9,(k)
Xi :*Z(xl *xj) 6,(k+1) =tan” ‘7[’“

—w-— ZS n@,-6,)
JeN; Zoosﬂ (k)J+ cosé, (k) N /E N
Nt T Moshtagh, et a \
e— €DC,2006
[ = Continuous time model
=Y sn@,-6,)

/e N,

X—Z(X—<x X >x) ‘

=N Teos,
X = .
sing,

R. O. Saber ,CDC,2006

6=0-w l generalize

3D case(SE(3)) Output Synchronization
Attitude Coordination | N. Chopra, M. W. Spong
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Previous Results

® Goal  Attitude Coordipation
lim(e*® -7y =0
1—o0

Tokyo I nstitute of Technology

@ Control Input & = Z:sk(e”;'e’:’)v Thereisno input gains

JeN;
@ Analysis (07 1/29 FL semi, 07 Bumon)
Assumptions « Graph is balanced, fixed and strongly connected.

- Attheinitial times = 0, the agents’ orientation matrices, ¢* @V
are positive definite
sum of energy functions of each agents

n . nq R
V= Z¢(egf) = ZEU([?' —e)
Key points i Z¢(e§') = i Z¢(35’)

i=1 jeN, i=1 jeN,

Potential Function

N

ctrl(ef + et Y- et ) - a ef +eE et ) R




Passivity-based Attitude Coordination with
Weighted Graph

Today’s Presentation Problem Statement
Tokyo I nstitute of Technology| ————— Tokyo I nstitute of Technology|
2 Analysis (07 1/29 FL semi, 07 Bumon) ® AgentModd (i=1:-,n) .
Assumptions « Graph is balanced, fixed and strongly connected. . p=e, Pi€ R position Yi | Jgent Frame £,
At the initial timez = 0, the agents’ orientation matrices, e* ®Vi ¢ = &b o @ e* € SO(3) orientation ety O
are positive definite 3 - P
Potential Function ~ sum of energy functions of each agents G = ‘9,-5,' Vb € R3 body velocity
R R S T0 —wm @] @ER angular velocity Gs= i
an . 1 B @y @y ) K AT
P =30 =3ttt -e) o= o 0 o OCR  roinage G TR
= = o) |-, o 0] £eR®  rotationaxes = e
(Today’s Presentation)
» Control Input @’ = Z:kusk(e’g’eg’)v k; >0 cosé, —-sing, 0 v
je N; : . . )
2 Convergence Analysis  Potential Function Weighted Graph Laplacian ¢ =|sing, cosd 0| v,=|0| Vi (smeansalagentsrotateonly
" .1 Zk o 0 0 1 0 around z axis)
Sy — g, if i=
V :Z)/,¢(e )-—z*%tr(ls —e° ) & if ! ; Poa V; : velocity
~ =2 . b L=l ={ -k, if jeN, then (1) is equal to it é -
i i L | ) ing
" tivity A : 1 51 [P X, =vcosé, % - -
Connectivity Analysis 0 if jeN, §,=vsing (cf.N. Moshtagh and e ) \:a
@ Switching Topology kyay  k ko 6=w, A. Jadbabaie 2005) 6,
Teivgoy —mmﬁ Teiugoy
iy Goal iy Control Input
— Tokyo | nstitute of Technology Tokyo | nstitute of Technology
2 Using agraph to represent the I nter section topology s Control Input Previ it
Graph G : Graph consist of apair (V(G), E(G)), where \ ontrot fnpu o ewfus resut iy
V(G) isafinite nonempty set of nodes and o =Y ksk(ee”) (2) k;>0 o =30 sk(ee”
E(G) cV(G)xV(G)isaset of pair of nodes jeN, o JeN, ;
called edges eef ; Relative orientation 0 -o o) |o
— . 0o - =
G:=(V,E) :Graph o N, : Agent s neighborhood “ A=\
V :={1,---n} : A set of vertices indexed by set of agents -w, @ 0 @,
A EcVxV :Asetof edgesthe repr_went the_ net_ghbor_mg relations . It k,=1Vi,j then experimentsweren't successful.
neighborhood N, A set of agents whose information is available to agent i o, I"add the input gain to my previous resuit.
® Goa Attitude Coordination

lim(ef© —e¥)y=0 Vi, j
t—oo

cosf, —sing, 0 2

A group of agentsis said to Attitude Coordination,when all agents i =|sng  cosd 0|,k =1,Vi j B
gva‘ge to the same orientation between the agents ! ! ! ' (

0 0 1 p.e
‘% ‘%’y then o = 3 k,sk(ee”)" isequal to 2,

@ =-)sin@,-6))

P /
JeN;
Tengoy Tengoy

Assumptions

Assumptions
2 Assumptions (A) ® Remark
(A1) Attheinitial imes = 0, the agents' orientation matrices, ¢ ? vy; are

(A1) Rotation matrioesef’ are positive definite if and only if \a\<f .
(A2) |v,|=1 Vi each agent's speed is constant and normalized. positive definite z

Maintaining the condition in assumption (A1) avoids the problem

(A3) Graph istratarced; fixed and strongly connected. of singularity of orientation.
(A4) Elements of left eigenvector of the following matrix associated with Example(singular case) ]
Zk it =) eigenvalue 0 can be positive.
i | -
N

L =(L,}={"—k, if j€N,  Weghted Graph Laplacian ] !
0 if jeN, -

e yL=0 7=l - 7] x>0 Vi
Example
kip =01 ky; =03 kyy =05 kyg =0.7

(A4) Thisassumption is satisfied if graph is not balanced.
It means this assumption is milder than previous results.
Example

01 -01 0 0 0 0.9318 @ 1 -10 0 0.3780 0 00O 1
-02 05 -03 0 0 03138 L 01 -10 y 0.3780 L -1100 . 0
= - - = % = = © 7|1 1 =
AT Tyt L= 0 -04 09 -05 0 | y=|01593 00 1 -1 0.7559 G 3 a 0 0 0
0 0 -06 13 -07 0.0821 110 2 0.3780 1001 0
ks =09 -09 0 0 -08 17 0.0338

Technology




Passivity-based Attitude Coordination with

Weighted Graph

Passivity

Tokyo Institute of Technology|

function ¥ (x) (caled the storage function) such that
u'y2V V(x,u)e R"XR"

Definition ([1] pp.236) Thesystem x = f(x,u), y = h(x,u) issadto
be passive. If there exists a continuously differentiable positive semidefinite|

In this case, the following equation is satisfied.

[1] H. Khalil, Nonlinear Systems, 2002

hold for the each agent.
viy, =
wherev,

¢(e5')::5tr(13—e') I,: Identity Matrix

Lemma Consider the agents given by (1). Then the following equation

=br a7 o =len) (sk(e 3y} and 7, :%\\pf\\2+¢(e§')

Convergence Analysis

» Convergence Analysis
Define the potential function as the sum of orientation term of positive definite
function V;. This potentid function is the same previous result's potential function.

Tokyo Institute of Technology|

V= Z¢(eg’ Ztr(l —é 1, Identity Matrix
The derivative of this potennal functi on along trajectories of the system (1)
{ ¢ _z ¢, isgivenas
V= Zgb(e‘ Z sk(e*)” a) a) = Zk,/sk(e S
JeN,;
= z(sk(ef') f' Sk skieéet)”
JjeN;

Using a’b= —Etr(&b) , we can show

=3 Tk )+ Tk o)

If graphisbalanced and k; =1V, j

3 o)=Y Yo =0

(= previous result)

izl jeN, i=1 jeN,
Z Zk‘,(b(efv) is not always equal to lejZN:km
i=1 jeN, 1 e

So we must redesign the potential function.

Technology

i=1 jeN; i=1 jeN,
Proof: Thislemma can be easily proven by direct calculation of the derivative of 1& ( : 2 ¢ )
the positive definite function 7/ . —a 2 Lkl re ) —ete”
o — 1o — =
iy Convergence Analysis iy Theoreml
— Tokyo | nstitute of Technology — Tokyo | nstitute of Technology
- _i Zk..¢(ef' ) +i Zk ¢(€§,) Theorem 1 Consider the system » agents with mode given by (1). Under
= A the assumptions (A), the control input (2) achieves attitude coordination.
N N ;g Namely lim(e® —e”)=0 Vi, j
—72 Zk tr((eg' +e ) —e et )) e
P Sketch of Proof  (Please see appendix1 in detail)

Deﬂne the potential functlon as the following function
V= Z}/,qﬁ(e") z yir(I, _es.) 7 isaleft eigenvector of the weighted

graph Laplacian
V= 27¢(9 )= zy,(ﬂ((e DY )lw o —Zk k(e o )
—Z%(sk(e") TZk k(e by

Jen,

Using a’b= —Etr(ab) wecanshow
=3 k) + 3 Y vk o)
i=1 jeN, i=1 jeN,
—*Z Z%k tr((e; +e”;')(l—e’5;'ef’))
i1 jeN,

Theoreml
Equanon
DWRITCOIDI W/ CD
i=1 jeN, i=l jeN, Zk if i=j
can be changed to ,EN il
-y L®=0 7'L=0" L ={L,;}= if ieN,
= ¢ n ¢ O if ieN,
=Y Y vk pe)+ YD piky (e ) =0
i=1 jeN; i=1 jeN;
Consequently
V= ZW(e )——72 Z;f,k,/tr((e reiy(I-eh ei))

43

they satisfy the following inequality
A (B+ B Wr(A)< tr((B+B7)4)< A (B+ 8" tr(4)
Therefore the derivative of the potential function reduces to
. 1 A o
14 S_EZ Zyltk”ﬂmn(e;’ +eb )¢(e gV‘e;’) <0

i=1 jeN,
Techndogy

Now rotation matrices ¢ Vi are assumed to be positive definite, therefore

Tokyo I nstitute of Technology

#(e)
o= E.
#e)

Using LaSalle's Invariance Principle

0=V <33 Yk A 46 )¢(e‘f'ef')so

xl/s’\l

7722% mm(e ‘ter )¢(e':’ ;' =

i=1 jeN,

¢(e’{’e )=0 (i,j)eE >0

Theoreml

Tokyo I nstitute of Technology

k; >0 ﬂmm(eg’ +eh )> 0
Now the graph is assumed strongly connected, so
¢(e'f’e§’) =0 (i,j)e E mmm) ¢(e'f'ec’) =0 Vi

¢(e’f'e{’ ) = 0 means orientation of every i-th agent converge to the same value

[Each agents conver ge to the same orientation] QED

—mmﬂ

Technology




Passivity-based Attitude Coordination with
Weighted Graph

Timedelay case Simulation
Tokyo Institute of Technology | e Tokyo Institute of Technology |
The results can be extended to the case when are communication delay. In this case # Simulation (no time delay) kyp =01 kyy =03 kyy =05 kyg =07
by attitude coordination we mean the following 1 -0.21
9 Goal Attitude Coordination (time delay case) p(0)=|0| £(0)=|-0.50
|im(e§(1®) —e (1)) =0 Vi, j 3 0.77 ki =0.2 kyy =04 kg =06 ky, =08
o ) ) 2 0.52 708
T}, sum of the delays along the path from the agent i to the agent . O =| -1| £,00)=| ~076 01 —01 o0 o o 0.9318
» Control Input P25 = R -02 05 -03 0 0 03138
b0 LDy 2 052 ) 1=/ 0 -04 09 -05 o© y=|0.1503
=Y k;sk(e Ve ") 3 -0.21 0 0 -06 13 -07 0.0821
o ps(0)=|1] ¢4(0)=| 0.77 09 0 0 -08 17 0.0338
Attitude coordination in the above sense can by shown using the positive definite 10
- - 2 -0.50 s /
Lyapunov-Krasovskii function. 21 014 . L
n N n ' N . ’ﬂ‘
Vi = 210N+ 2 3 vk [, 9le” )z P0)=|-2\£,©@=| 051 | o /
ey =1 jeN, k 0 -0.51 o Sl ,_9‘3
The proof is similar to no time delay case. (Please see appendix2 in detail) (0) 0 : @*‘f;f"‘"
ps(0)=|0| £5(0)=|1.05 s

(o) 0| -10 5 o s 10 Tis 20
Lechnology Technology

iy Simulation iy Summary
Tokyo Ingtitute of Technoloay — Tokyo Ingtitute of Technology
- » AgentModel (i=1--,n)
p= & v, p,e R position Yi | Agent Fn;mu 3,
‘ # g=e¢w (1) e eSO(J orentation (o .
¢ =6¢ veR®  bodyveodty PR
i i2i
o] [0 -o o]®eR’ anguaveodty gz ;
3 2 w
o|=lwo, 0 -q| GER rotation angle  /World Frame \(pﬂc‘l 0,
. Agent Frame \_
| |-o, @ 0] £eR®  rotationaxes = My

» Control Input @ = Zk”sk(e”:‘e’;’)v @ k>0
L. U jeN,
k(e Ge) _x Kk(ee)  _y » Assumptions ’

At the initial time 7 = 0, the agents’ orientation matrices, =@ vy; are
. ositive definite
YL=0 7= - ylxn>0 Vi _ Postvedem
L, : Weighted Graph Laplacian
@ Potential Function

n R v ] R
A — Gy =N o _ o
= g((efé.eg, )Yz v ;7, ¢(e ) - Z 2 7;tr(13 e

i i=1
Temgony Temoony

Outline Connectivity Analysis

Tokyo I nstitute of Technology

Tokyo I nstitute of Technology

@ Graph Structure and Conver gence Speed

v + R.O. Saber, J. A. Fax and R. M. Murray, Proc. |EEE, 95-1, 2007
Consensus case
v The second smallest eigenvalue of graph Laplacians A,,,(L) , called

the algebraic connectivity, quantifies the speed of convergence.

+ 3. Connectivity Analysis e ~~_ Example

grungly mnlmm graqh
4. Switching Topology graph considered this seminar

e (L) =3

X A (L) =1

Technology

5. Feature works

Technology




Passivity-based Attitude Coordination with
Weighted Graph

Assumptions

In connectivity analysis, assumptions are changed to the following.
® Assumptions (B)

Theorem?2

Tokyo Institute of Technology| Tokyo Institute of Technology|

Theorem 2 Consider the n agents (1) together with the angular velocity given
by (2). Under the assumptions (B), k, =1V, j and graph is balanced, the
o following i A,
(B1) Attheinitia times =0, the relative orientation matrices, 105 Vi, j ollowing inequality is satisfied.

are positive definite tr(( §(r))7 M®1 ) 0] )< tr(( o )T(M Y4 ) ) ~mina (Lon)#t
v,/ =1 Vi each agent’s speed is constant and normalized.
(B3) Graphisfixed and strongly connected.

(82

Awinz(Ly,,): second minimum eigenvalue of L,

where
(B4)  Elements of left eigenvector of thefollowing matrix associated with (65)7 :[(eﬁi)] (e ﬂe R g= m'M—mm( L0 50 | !,(r)e(.(:)) =
Zk if i=J eigenvalue 0 can be positive. 1
! 1 T 3r .
== M =nI-11" : graph Laplacian of a complete graph
o ={Ly} = —k if jeN, Weight Graph Laplacian Lo 2(L+L) " graph ke peega
0 if jeN, Sketch of Proof
ie yL=0 )= ln - ;/“] y,>0 Vi Define the potential function as the following function
region satisfied o region satisfied 1 ( ;(,))' ;(,) &g
assumption (A1) ‘ assumption (B1) 6 2tr M1 ) ZZﬂe ¢

i=1 k=1

Latrgoy —mmﬂ

Latrgoy —mmﬁ

|| Theorem2 h Theorem2
— Tokyo | nstitute of Technology Tokyo | nstitute of Technology
The derivative of the potential function is given as Now rotation matrices ¢ Vi are assumed to be positive definite, therefore
d(1 ‘o ‘o 2 ( ;e they satisfy the following inequality
AT won)|- S Shetdy of - Faee) 8 W)= (34 87)) A (57 D)
= ii(sk(e"‘"'ef* )v)l(— o +af) %Gt’((eﬁ”f (MoI )e“"))<——i2 Zﬂ‘mm(e feb yertieh )[ (I —e™ ef’)
i=1l k=1 i=1 k=1 jeN;
—7222(51((67;’ ef‘ )Vy ZS‘((E{’E&)V < *%mtl’((ef)](ll@h)e:) "(e‘;’(')e'f’(‘)+e”;’(/)e'5‘(')))
Using a’b —7}tr(ab) weconshow N

—7222&(3 e“( Ligbi 1)) :—Zitr((ef )T(MLWM®13)J] (e MLM=r2L)

i=1 k=1 jeN,

Because of < r( M®I ;)
33yl i ST Tkt et el Mo
g o SL5 Using Companson Principle ([1] pp.102), we can show

the above equation can be rewrite

44 q co) | 4 ~Zpina (L)
77;2;’“((@ Gefetieh Xe’f'ef' —1)) E tr((e;( )Y(M ® IS)eg(x)j : tr((e“o)) (M ® 13)64(0) )6‘ LQ.F:.D.

Technology

Theorem?2' Theorem?2'
e ———— Tokyol nsttute of Technology Tokyol nsttute of Technology
If k; >0, thefollowing matrix isimportant. If k; >0 ,Thetheorem2 is changed to the theorem2’
z viky if =7 Theorem 2 Consider the n agents (1) together with the angular velocity given
R by (2). Under the assumptions (B), the following inequality is satisfied.
L, :{waj} = }{kg if jeN, L, :dlag(%w",}’n)Lk v @ . maf(}/)}/ 91ned yM,m(g ,)Z )
0 if jeN, tr((ef‘”)](M®I )efm)gt./,f:/ ” r(( :(01)7 (eI, :(m)e nenn &
3 -
minyy,
i
Propertmsoi L“; o o where Ainz(Lyy,,) * secOnd minimum eigenvalue OflL”'”
L,1=0 ( L,1=diag(y,,--,y,)L, 1= o) (e5)7 :[(eé)z (e; )’/}e RS e= minﬁm,,,(e{'(‘)e{/(')+e{’me§‘m) i:ZH
ijix
T Ar 4Ty 4T g; _Qr L 1
1L,=0 ( 'L, =1 diag(r,-,7,)L, =0 ) LMWIZE(LM,,M+LCW,) M=nl-11" : graph Laplacian of complete graph
ML M =n?L, |+ MLM=(I=11")L,(n =117) Sketch of Proof (Please see appendix3 in detail)
=(nl _j_j_r)an — nsz Define the potentlal functlon as the following function
& Ll
L,, issemipositive definite 227?’k¢(e e
i=l k=1
min ONN 5*)<227n¢(e’* )< maxyy, PN LD
ﬁ i=1 k=1 i1 kel




Passivity-based Attitude Coordi

Weighted Graph

ination with

Theorem?2

The derivative of potential function is given as

i=1 k=1

,uljem

Using aTb:—Etr(ab) we can show
=1 k=1 jeN,

i=L k=1 jeN,

the above equation can be rewrite

2FE S

ZZZ;/}Q /'me(e el pelie

2553 e,

Zechnology

2 rrdet =35 ety ) (ol + o)
,722227% U(Sk(e 5,e§) )]Sk(e {,es,)v 60 — Zk g((e ¢ !,

=353 Ykl e -i)
Because of ZZZynkt et ( hef J)):Z":Z":Z%%k, By —e’f*ef»):o
Y=y

B

1

Tokyo Institute of Technology|

JjeN,

d )tr(] —ehieh )

Theorem?2’

Tokyo | nstitute of Technology

}/k,.l.tr(l —e e ) ('.’S:: mi nﬂmm(e’{’(‘)e{’(l) +e 050 ))
iji

Z i &) . 2

ML @1 ) (oa, pr=in,,,)

e B
— etett) | S————
dl[vZn( )]

Using Comparison Principle ([1] pp.102), we can show

LSS &b
,’I’E’f”’ ;n( S‘W,)le;maﬁ(e )

_&Amine(Lygy )Z%

n_n s n_n P
ZZ?’JW(e ;EQ)SZZ;/‘,%«Q ﬁeﬁ)e T
i mag & mine (L)

maxyy, ;
(( (r))T (M®L) (r)) <iiier n; r((ef“”)r(M@Is)ef(O)je v ey, 2
inyy, QED. ﬁ

JLechnology

2

Outline

4 4. Switching Topology

5. Feature works

Technology

yW Vorld l‘mme (PJ,C )

Tokyo Institute of Technology

Agent Frame 2
s, W !

iy Switching Topology

Tokyo Institute of Technology
We consider the situation where the information graph changes in time so as to make

the graph alternatively connected and disconnected. Disconnections mean there are
communication failures.

Definition new notations
G.: A set of connected graph (stable situation)
G, . A set of disconnected graph (unstable situation) connected graph
t, (k=0,---,m): Switchingtime @)
N, (z,1): Switching times between 7 and t
Definition new functions

Gl= 0 if g(eG disconnected graph
w0y O 0y
T(z,1) = [ X(g(s))ds 1 °
T(z,£) means unstable situation time. l |

k tk+1
Techngogy _mm

Assumptions

Assumptions are changed to the following.
# Assumptions (C)

(3

(CH t,-1,4,27, Yk 7,>0 7,:dwell time

region satisfied o region satisfied
assumption (A1) assumption (C1)
Loy

(C1) Attheinitia time =0, the relative orientation matrices, e Vi, j

(C2) ‘v“ =1V, each agent’'s speed is constant and normalized.

Dhyif i=J
L ={L,}=1—k, if i€N,  WeightGraph Laplacian
0 jf igN,
ie yL=0 =[x - r] x>0 Vi

Tokyo I nstitute of Technology

i/
are positive definite

—mmﬂ

Theorem3

Tokyo I nstitute of Technology

Theorem 3 Consider the n agents (1) together with the angular velocity given
by (2). Under the assumptions (C), the following inequality is satisfied.

t’(( ef(x))‘( M®L,) ef(z)j < tr(( L0 )T( M® Ia)ef(o)je_l [:-T(o,x) A'(;/(io,r)|ny.}

where
maxy,y,
I= mll’Fjﬁm( »gm)z}/ }’ maxi,;;ej /
G n maxyy, I G minyy,
[N iji#]

Sketch of Proof
From theorem?, if t€[t, ;1)

o (20 s
tr((ef('))l(M®I3)e5(’)) 7tr((em) (v ®I), ) ) ¢ g(r)eq,
v t’(( of (M®13)e~f<°>j it g0)eG,

If the graph is disconnected, rank of the graph Laplacian is below n-1.

rank(L)<n-1 ﬁ




Passivity-based Attitude Coordination with
Weighted Graph

Theorem3 Theorem3

Tokyo Institute of Technology|

Using X(G), the equation can be rewrite as the following. tr((ef"’ )r (e ]g)efu)j o t’((ef@)’( M®L)E© )ef/fo*T(O,t)

tr((e“”)r( M®L) e;(x))s7;”((640,—:))I(M®13)e4"w”)e“ () oy N {1 NG(UI)(—J r(on]

=tf (O] (MoL)®
e (rores st 3

Inteft,5t) * Remark =

t((e{ (ta) )T( M® 13)65("4)) < }; t((eé;(x,_z) )T(M ®13)eg(t,,2)}4: (et AT 240) From this theorem, if

i
!in{tNG(O,t)r(;)T(OJ) =oo
oof (vel :’m)< 2% ,-( Lo f (M @1)e e }J(mnf )
tr((e ) ( ® 3)6 —(7) t (e ) ( ® S)e then each agents’ orientation converge to the same value, even if the graph is

Using this operation continuously, we can show changed

tr((ef"’ )T( M® ,3)ez<z>j <[y ) DvUt((ef(m )7( M®L)EO )efiwir(on

Lechnology

Loy —mmﬂ

| Feature Works Kl Appendix
1. Experiments 1. Proof of Theoreml
2. Extension to Visua Attitude Coordination 2. Proof of Time Delay Case
3. Output Synchronization in SE(3) 3. Proof of Theorem?2'
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Theorem 1 Consider the system » agents with mode given by (1). Under
the assumptions (A), the control input (2) achieves attitude coordination.
Namely lim(e —e*)=0 Vi, j

Proof
Deﬂne the potential functlon as the following function

2
1. Proof of Theorem1 V= Zw(e )—2_1: yitr(l;—e)

V= zy¢(e) Z%(Sk(e Y b o= ksEey

JeN;

—Zy,(sk(e 3 S ksk(e et

jeN,

=3 3k, k@) sk(e b

i=1 jeN,
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Proof of Theorem1 Proof of Theorem1

Usmg a’b———tr(ab) we can show == , k; tr]—eg‘ k, tl’(] e’ )
1 L6%) Zl/ezvy ( ) ;]EZN:% !
= ZZ)/,ktr Sk(e ) pk(e” o
P o . _,Z Z%k tl’((e i +e’§’)(1—e’{'e§/))
:_,Z z;/,k”tr( —e” X et _ el )) ., i=1 jeN, X
G =2 Yk ole ) + Y Y vk, ()
=—*ZZ7’, /"(ege;e;’—egegeg’—ege;e;’+e§e§e{) ;EZN: / 'Zl:f;( '
i 1jE N; 45‘ 743’ 7;?’ z’/
) -= vk tri(e +e ) —ee ))
:_7227‘ : r(ZeZ/ 20 %ie g ) (--tr( 4 )_ tr( 5’) Equauonn Z_:‘]EZN .
=gy ~ ’ :
=——ZZyk tr(21 25 4265 — 20+ (F +e )1 —eCe’ ) ;;M%kii¢(€ H;,;,%k”me : Skyif i=J )
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_ ZIZ:V r(eé;/ 6725‘65’ +1 1+e’5‘ eé;‘) —}/TLACD=0 L, ={L;}=1 -k, if i€ N, ®= :g
T ik B - B 0 if i N, GD)
=1 jeN, So n N n : :
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i=1 jeN; i=1 jeN;
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h Proof of Theorem1 h Proof of Theorem1
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Consequently Now the graph is assumed strongly connected, so
V= Z 7d(e) = —72 Skt + ety -t Yee)=0 (i)ecE mmy gehe)=0 Vi
i=1 jeN; I
Now rotatlon matrices ¢ Vi are assumed to be positive definite, therefore ¢(e’{'e§’ ) = 0 means orientation of every i-th agent converge to the same value
they satisfy the following inequality
/lmm(B-#BT)tr(A)str((B+BT)A)S/'Lmax((B+BT))tr(A) [ Each agents conver ge to same orientation ] QED.

Therefore the derivative of the potential function reducesto
v <772 Z]{ J mm( Syet )¢(e’z'e§’) <0
i=1 jeN,
Using LaSalle's Invariance Principle

0= V<—7ZZ vk, mm( A'+e’f')¢(e’f‘e§’)so

xl/\

_72 vk m,n(e”' et )¢(e’f'e§/)=o

11167\4

1
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Proof of Time Delay Case Proof of Time Delay Case
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Proof
Define the positive definite Lyapunov-Krasovskii function as the

following function.
Zw(e; RS WA 0z

i=1 jeN
The denvatlve of the positive defi n|te Lyapunov Krasovskii function is given as

G .
2. Proof of Time Delay Case Vieas Z7¢(e ”HZ > vk d (J. o ))dT)

i1 jeN,

_zy,(sk(ef(' Y @+ Sk, dt(j PEE )dr)
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JjeN; =1 jeN
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i jeN, 3. Proof of Theorem2'
3 3 7k o) gt

i1 jeN,
=3 Sk o Pyt )0
i jeN,
__722%,(‘/"“"( “’)+e’“’))¢( L6y <o
27

Using LaSall€e's Invariance Principle, we can prove convergence.
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Theorem 2 Consider the n agents (1) together with the angular velocity given The derivative of potential function is given as
by (2). Under the assumptions (B), the following |nequd|ty issatisfied. ~
S rmdte =33 rnlte ey [ (-l +of)
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