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6. Design Example 1

6.1 Spinning Satellite: H,, Control [SP05, Sec. 3.7]

6.2 2nd Report

Reference:

[SPO5] S. Skogestad and I. Postlethwaite,
Multivariable Feedback Control; Analysis and Design,
Second Edition, Wiley, 2005.



Spinning Satellite: Nominal Plant Model

Transfer Function Matrix

Pi1(s) Pia(s) 821110000 19?[(%8
— ‘ — S S oA -Z
Pls) = {Pm(*s') Pzz(S)] B [_108_10 LTI ‘m

s2+100 521100 Roll Pitch
Ui > (s) Y1
MATLAB Command
| P21(s) Interaction | N={[1-100},[10 10};(-10 -10},{1 -100] }
. D=[10100];
— P12(5) (Coupling) Pnom = tf(N,D) :
Uo R () o Pnom = ss(Pnom,'min’') ;

State Space Representation

_ 0 10| (1 0]
P(s) = C(sI — A)"'B+ D A:[_m SRR
p_ A | B| &= Az+ Bu C:[—llo Wl po[o 0

C ‘D y=Cx+ Du . :
MATLAB Command

sysA = [0 10; -10 0]; sysB = eye(2);
sysC =[110; -10 1]; sysD = zeros(2);
Pnom = ss(sysA, sysB, sysC, sysD); 3



Spinning Satellite: Characteristics of Nominal Plant Model

Poles (Stability) -
p = =107 (at Imaginary axis) ° j( MATLAB Command
10f - le(P
Unstable Poles | E E%fé(;fonx)
o |
Vibrational System o re | MATLAB Command
. . :O figure
Multivariable Zeros -5 1= ---------------- pzmap(Pnom)
None I A
15 ; 1
Frequency Response o -plot
:O' (P) MATLAB Command
o : : sigma(Pnom)
E 30 Sliew 1
3 p ( Condition Number A
= = 5(P)
-1 T~ ~(P) := ——= [SP0S5, p. 82]
S a(P)
i i 0 10 rad/ 5 92N . | Operating Frequency Range

10
Frequency [rad/s]



Spinning Satellite: Plant Model with Output Uncertainty
Uncertain Plant Model (Real System)

P(s) = [flés) fz(gS)] P(s) U1 —> P(s) —>f1(8)—§-> Y1

s —» —>/2(5) > Y2
f(s) — ]g-_%s +1 1.9 Gain Margin: 08 <k, <12
Fs+1 | Delay Margin: 0 < 6; < 0.02

Co . Processing Time: 20ms
Multiplicative (Output) Uncertainty ( g )

My = {P(s)| P(s) = (I + Dar(8)Was () P(s), [1Aar]loo < 1}

Uncertainty Weight: AN ]]oo <1
Wir(s) = wa(s)lz P(s) ] o e
. TS+ I _ _ 1

wpr(s) = E— —>(P(s) >

______________________________________________________



Spinning Satellite: Uncertainty Weight

©0.021s+0.2 [ 7=0.021,

o — 02,
 Too = 2.3

Magnitude [dB]

Frequency [rad/s]

Update

Uncertain Factors:
Gain, Time Delay +
Unmodeled Dynamics (High Freq.)

Too = 2.3 — 100

B 0.021s + 0.2
21 x10"4s+1

wiy (s)

w(8) = 00001s =1 | 1/T =48 radss

\

MATLAB Command

r0 =0.2; rinf = 2.3; tau = 0.021;
wM = tf([tau rO], [tau/rinf 1]);
WM = eye(2)*wM;

WM = ss(WM) ;
40
/ 7!
30 |’U)M —————— ook
o P
3 2 Roll-of
ERL § s
R o
|
-10
11/7 =48
0 10° 10° 10*

Frequency [rad/s]

Target Loop (Roll-off)

(L)
N7

Magnitude [dB]
o

| [ RN | |

| e | | |

| [ AR | | |1
—1 O I A I I I Y D A A

| [ RN | [ gl

| e | [

10° 10° 102 10°
Frequency [rad/s]



Spmnmg Satelhte Time Responses for Uncertain Plant Model

Angular Velocity [rad/s]

— — — Reference
—— Nominal Model
— — Uncertain Model

~ 10.1sin(wt)
(0.1 cos(wt)

] w = 10 rad/s

2 2.5

1.5

: 3
Undershoot "¢ Vibration
MATLAB Command Reference Signal
time = 0:0.01:3; figure
step_ref = ones(1,length(time)); plot(time,ref,’g-.") 7

ref = [0.1*step_ref'; 0*step_ref'];



Spinning Satellite: Performance Weight

Wp(s) = wp(s)la,

1
w,(s) = M ST Wb 055+ 115
g s+ wpA s+ 0.115

wp = 11.5(> 1.15|p|)
M, =2-A=0.01

MATLAB Command

Ms =2; A=1e-2; wb = 11.5;

wP = tf([1/Ms wb], [1 wb*A]);
WP = eye(2)*wP; WP = ss(WP) ;

Update w, =11.5 — 20

Mg =2 — 8 (Trade-off)

A=001>0 .’,
1.2

 (g) _ 01265+ 20
w (s) =
p s+ 0.2

Magnitude [dB]

Magnitude [dB]
IN 8 N oo

&
o

____________________________________

10—

o

o
T

o

o

(o)
o
I

107"

—_
S
N

10° 10"
Frequency [rad/s]

10"



Spinning Satellite: Control Problem Formulation
Nominal Performance ||IWr(s)Ss(s)||cc Robust Stability ||Was(s)T5()]cc

?%»K(s) LA P(s) ATWP(S)_Z&

1
W (s)| W
?—%K(s) ’U,; P(S) I :4} f—-»WP(s)—Zl
Generalized Plant 4\ sysic
G(s) Wp(s)-?—é—%l
w ! :
5 r 122
. :WM(S)-i—i—> [
P(s) J—»o—l—:o—
________________________ K(s)

?ij(s) LI p(s) %

Z2

f

Wa(s)| W

Yy

MATLAB Command

%Generalized Plant%
systemnames = 'Pnom WP WM/,
inputvar = "[w(2);u(2)]’;

outputvar = '[WP;WM;-w-Pnom]’;
input_to_Pnom="[ul’;
input_to WP ="[w+Pnom]’;
input_to WM ="[Pnom];

G = sysic;

_ [ Wi (5)S0(s) ]w
—Wh(s)To(s)
— (G, K)

Mixed Sensitivity [(O€ 9




H ., Optimal Controller [ 4\ hinfsyn ] W

H . Control Problem 1 [— 1
Given Y > Ymin , find all stabilizing controllers K K
such that || F;(G, K)||co < 7 2= F(G,K)w
[K, CL, gam, info] = hinfsyn(G, nmeas, ncon, key1, value1, key2, value2, ...)
input arguments output arguments

G generalized plant K LTI controller

nmeas number of measurement outputs CL  closed loop system which

ncon number of control inputs consists of K and G

gam H,, norm of closed loop system
info  information of output results

key settings
Gmax  upper limit of gam(=Inf) Method ric  :Ricatti solution (default)
Gmin  lower limit of gam(=0) Imi  :LMI solution
Tolgam relative error of gam(=0.01) maxe :max entropy solution
So frequency at which entropy | MATLAB Command
1s assessed (default=Inf) nmeas = 2; ncon = 2;

Display off :not show setting process [Khi,CLhi,ghi,hiinfo] = hinfsyn(G,nmeas,ncon);

: . ghi
on :show setting process Fhizloopsens(Pnom, Khi): 10



H ., Optimal Controller [ 4\ hinfsyn ]

wg'""""!__:__:__:__:__:__:__ """"" Z
. . — G —
Assumptions for Generalized Plant ul T i
(1) (A, By) :stabilizable, (Ca, A) :detectable K
(2) (A, By) :controllable, (C1, A):observable o
. . . A | By By
—> [ Full rank on the imaginary axis ] G=|C, D, D
C2 | D21 Dag |

“If the Robust Control toolbox of MATLAB complains,
then it probably means that your control problem 1s not
well formulated and you should think again”[SP05, P355]

& ° .
% [nfeasible Weights Error Example
- Data Structure
E ]\}S S + Wp A ghi = oA &
X. | Wy(S) = e
I>— DynanicSysten/loopsens (|ine 8G) EH Khi [ ]
o The input/output dimensions of P and G are incompatible. )
Practically no problem e wntities2 (L 15 on -
Fhi=loopsens (Pnom,khil; EH hllﬂﬁ} [ ]

11



Spinning Satellite:y-iteration to obtain . Controller [SP05, p. 358]
Flnd K Such that ‘ | Fl (G7 K) ‘ | ~ < ")/ Resetting value of Gamma min based on D 11, D 12, D 21 terms

Test bounds:  0.1250 < gamma <=  0.6719

gamma hamx eig xinf eig hamy eig yinf eig nrho xy p/f

CheCk 1) () 0.672  1.6e+01 9.2¢-02 5.8e-11 -1.8e-21 0.0036 p

. . ([0 0.398  3.le-12# **¥*xkxk 5 Re-11 -1.1e-21 *¥**kxkx f
Appropriately sub-optimal - 4 0.535  1.1e+01 -1.4e+00# 5.8e-11 -1.5e-23  0.0002

0.604 1.4e+01 -4.1e+00# 5.8e-11 -7.2e-22 0.0004

(Default settings) 0.638  1.5¢+01 -1.1e+01# 58e-11 3.1e22  0.0009
0.655  1.6e+01 -3.0e+01# 5.8¢e-11 -2.6e-21 0.0024

,y — 06719 < 1 (/Yopt — 06650) 0.663  1.6e+01 -1.9e+02# 5.8e-11 -5.5¢-21 0.0144

Gamma value achieved: 0.6719
Check 2) 7 — 00 (Gmax = 100)
(K — LQG Controller/Hs)

| F1(G, K)|lco = 1.0232
Check 3) 7 = 0.5 (Gmax = 0.5)

No Solution

MATLAB Command
[Khi,CLhi,ghi,hiinfo] = ...
hinfsyn(G,nmeas,ncon,’Gmax’,100,’Gmin’,100);
MATLAB Command

[SV,w]=sigma(CLhi); . o
figure; semilogx(w,SV) interested” frequency range 12

= =h "ho—h

Closed-loop Transfer Function

1.2

1 'T\ orrrn

Magnitude
o o o
£ (@] (0]

o
(N

1072 107" 10° 10" 102 10°
Frequency [rad/s]




Spinning Satellite: H, Controller |MATLAB Command 89

e
figure 8
K (s) = K11(s) Ki2(s) sigma(Khi)
o K21(8) KQQ(S)
Order 6
50
40 (Generalized Plant : Order 6
_ 30 G(s) Wil 21
S 20 w r
§ . :WM(S)'E_VZQ
€ i U —— P(s) J—»o—l—:o——» Y
= 10 IR e P( ) Order2 _____________________
20 Wa(s) : Order 2, Wp(s): Order 2 |
_3?0_2 Lo 10-1 Lo :1:(:)0 - IIII1.(.)1 Lo 102 Lo I1II03 - N()mlnal Plant MOdel
Frequency [rad/s] | Poles :|:10]

Poles | o
—1.0050 - 10% + 10 Mixed Sensitivity Problem

—1.5011 - 10° £ 1.5493 x 10~%;, = Pole/Zero Cancellations

—0.1978, —0.1978 @ o1 hanine Desi
o ~o Loop-shaping Design
Zeros —4762, —4762, +10) o€ L s




Spinning Satellite: Beyond SISO Loop Shaping
- . O TR T
KH (S) _ Kll(s) KlQ(S) 40 -4t
> Ko1(s) Kaa(s) g
o 20 ---1-1 LA
Kdiag(s) — K11(8> — K22<S) — %10 777777 it
g, (5T 4762)(s — 100) SO Kordiag(9)) N
P (s 1501) (s + 1078)
-20 N Ll Lo Lo L
y (s 4+-0-1978) (s £+56TTTs + 1.005 x 10°) ot e ey
(s =04978) (s £16617(s2 + 2.01 x 1065 4 1.01 x 1012)

Kofidiag(s) = —Ki2(s) = Ka1(s) =
(s + 4762)(s + 1)
(s +1501)(s + 1978)
(s4-0-1978) (s =45601T(s + 1.005 x 10°)
" (5 +-02978) (s £ 1501)(s2 + 2.01 x 1055 + 1.01 x 10'2)

Multiple Phase Lead-lag Controllers

A~ . )
L)X : [GRED, info] = balancmr(G,order):
8 ; ; :
Model Reduction | Ex. ggep- hankelmr(G,order);

9.7149 x 10° %

L) : . sysd = c2d(sysc, Ts, ‘tustin’);
@ Discretization EX. | 1Ad.Bd.Cd.Dd] = bilin(sys, 1, “Tustin’ Ts) 14



Spmnmg Satellite: Open-loop Frequency Response

50

~ 7L tomas [ 11 T MO0

COITGSPOHdmg maximum
S =48 7rad/s stability margin

5

© ONNG .

2 | ?i;;,,j -~ Lowy) Loop Transfer Function

c) | |

© | |

= 2 0 rad/s — wb|w \ | MATLAB Command

L ’XQ(WM) figure

2°!a<LN sigmay(Fhi.Lo, WP, inv(WM) WP/ghi.ghi*inv(WM))
-30 T O N 1 N R S B o AR I D

102 a0 10 w0 102 10° NP/RS Test

Frequency [rad/s]

Fl(G K) Hoo _ 7 _ 0 6719 Nominal Performance (NP)
Fremelie et [ WpS, [l = 0.6411< 1 @)
o CUGK) . Robust Sbility (RS)

—_ =~ [WuT,]e = 0.6468< 1 )

MATLAB Command

[SV,w]=sigma(WP*Fhi.So);
figure; semilogx(w,SV)
[SV,w]=sigma(WM*Fhi.To);

1072 10” 10° 10" 10 10° figure; semilogx(w,SV) 15
Frequency [rad/s]

Magnitude




Spinning Satellite: Closed-loop Performance

Nominal Stability (NS)
Poles of Fj(G, K)@

p=—0.2,—0.2, —4762, —4762.

—1.005 - 10° + 104, £107,

MATLAB Command

pole(CLhi)
zero(CLhi)
figure; pzmap(CLhi)

~1.480 - 10® +0.05, —31.63 +0.05 7 =0.6719 <1

Nominal Performance (NP)
20 T T T

10

Magnitude [dB]
S o o

w
o

IN
o

50—
1072

10° 10° 102
Frequency [rad/s]

MATLAB Command

figure;
sigma(Fhi.So,inv(WP),ghi*inv(WP))

107"

103

Magnitude [dB]

N
o

RN o
| o | [N
N RN o

_30 R R T I |
| o | [N
N RN o
| Lo

e
_40 | NN I LIl R REET] L R
1072 107" 10° 10’ 102
Frequency [rad/s]
MATLAB Command
figure;
16

sigma(Fhi.To,inv(WM),ghi*inv(WM))



Spinning Satellite: Time Responses for Closed-loop Systems
Perturbation Models

Uy - > /1(s)—» Y1
Dl _|fils) O | P(s
P =Ere = |15 0 re WS POLRETL,
0; . .
fi(s) = k; _9?3 +1 F_ 19 Gain Margin: 0.8 <k; < 1.2
Fs+1° ’ Delay Margin: 0 < 6; < 0.02
Typical Examples Manual Selection Automatic Selection
1) Nominal Model MATLAB Command ' MATLAB Command
1.0 —0. i=1.9 K=12; k1 = ureal(’k1',1,'Per',[-20 20]);
i — —Uy,t=5L24 k=08: k2 = ureal('k2',1,'Per',[-20 20]);
E’1 — ] L1=0.01; L1 = ureal('L1',0.01,'Range’,[0 0.02));
. . L2=0.02; L2 = ureal('L2',0.01,'Range’,[0 0.02));
2) Uncertain Gain f1 = K1*f([-L1/2 11,[L1/2 1]); || £1 = kKA*tF(-L1/2 11,[L1/2 1]);
f2 = k2*f([-L2/2 1],[L2/2 1]); || 2 = k2*tf([-L2/2 1],[L2/2 1]);
[ 1.2 0 Eo = diag([f1 f2]); E = [f1 0:0 f2];
2 — 0 0.8 Earray = usample(E,100);
Pr = Eo*Pnom; Parray = Earray*Pnom;
3) Tlme Delay F = loopsens(Pr,Khi); Farray = loopsens(Parray,Khi) ;
o [fa O —0.01s + 1
3 — O f Y fa —
a 0.0ls+1

4) Mixed Perturbation F4 = E5FEs 17



Spinning Satellite: Time Responses for Closed-loop Systems

£
| :

S
~~
~
~
I
-
oo
p—t
| I

0.14 i I : : |
| | | | |
_____ I N D S RS
Ho.wz | | | | -
%) | | | | |
< 0.1 ' | | | .
® | | | | |
= | | | | |
> ooefg--—{——————9-——-—94-—"——"—"9-—"—"—"—"9————-
l SO I N R
% 0.06f———d-———d4-———d————d————d-———1
= |
5 00af - NP %), RS @9)----
3 | : I/ | /I
[@)]
0o02p-—-——"1-——""—""4—-"—"""4—"—"—""—"—————— Q[
é | I | | | y2
| | | | |
0 T T T T T
| | | | |
0.02 ' ' I | |
0 0.5 1 1.5 2 2.5 3
Time [s]

Manual Selection

[yhi,t] = Isim(F.To,ref,time);
plot(t,yhi(:,1),'b-"); plot(t,yhi(:,2),'g-");

w(t)= [

0.15

Angular Velocity [rad/s]
S
& o

1
o
-

o
-
(&)

_ [Z/l (2)

y2(t)

|

0.1 sin(wt)
0.1 cos(wt)

— — — Reference
—— Nominal Model
— — Perturbed Model

] w = 10 rad/s

|
|
i a— — +
; Y

|

il
|
|

|
|
|
|
|
L _ I _
|
|. | |
_ \J AJ L NN N
— I - - )
| | | | |
| | | | |
| | | | |
0.5 1 1.5 2 2.5 3
Time [s] Stable

Automatic Selection

fori=1:100
[yhi,t] = Isim(Farray.To(:,:,i),ref,time);
plot(t,yhi(:,1),'b-"); plot(t,yhi(:,2),'g-");

end

18



6. Design Example 1

V 6.1 Spinning Satellite: [{~, Control [SP05, Sec. 3.7]

V 6.2 2nd Report

Reference:

[SPO5] S. Skogestad and I. Postlethwaite,
Multivariable Feedback Control; Analysis and Design,
Second Edition, Wiley, 2005.



7. Robust Performance

7.1 Robust Performance [SP05, Sec. 7.6, 8.3, 8.4, 8.10]

7.2 Structured Singular Value u
[SPO5, Sec. 8.5, 8.6, 8.8, 8.11]

7.3 w-Analysis and Synthesis
[SPOS, Sec. 7.6, 8.9, 8.10, 8.11]

Reference:

[SPO5] S. Skogestad and I. Postlethwaite,
Multivariable Feedback Control; Analysis and Design,
Second Edition, Wiley, 2005.



Improving Performance: Ensuring Assumptions “®

N
Generalized Plant
_ _ wi_ _______ :::::::::::::.i_______'i Z
A| By By| ©=Ax+ Biw+ Byu = G
G — 01 D11 D12 & = 0155' -+ D11’LU -+ D12u u| y
Co | Dyy Daz| y = Cox+ Dayw + Dagu K ’
(A1) (A, B,) is stabilizable and (C2, A) is detectable
(A2) (A, B;) is controllable and (C1, A) is observable
|Ex.]
/wl > 51 » €1 =Zl b
/ w > £9 =22 - Z/
w < 2 , 52
w —” ___________________ — L2
" o G(s) Ty 1 '
| et '

21



Spinning Satellite: Zero Steady-state Tracking Error e
1

——S8 + Wy Ls+wb
Wp(s) = wy(s)Iy, wy(s) = 22 y Ms

s+ wpA ’ S
Specifications (Servo System)

B [ et the tracking error for a reference be zero at steady-state—=» A = ()

Assumption (Al) (A, Bs) is stabilizable and|(Cs, A) is detectable

NOT satisfied
Ex.] Modified H., Control Problem
[ ] w WP(S) = WPQ(S)WPl (S)
A
LK (s)s p<s)—»<l> W (s) =+ K(s) = K'(s)Wp1(s)
?‘_' I Wp1(s) = wp1(s)1a,
wpl(s)zsl—a a>0
: 5 Wpa(s) = wpa(s)la,
Wpa(s)— Mis—l—wb

S+ a 22



‘\ H ., Controller [ #\ mixsyn ] (Spinning Satellite)

[K, CL, gam, info] = mixsyn( P, WP, WU, WM, key1, value1, ...)
Remark

1. P(s), Wp(s), Wyu(s), Wul(s) : proper, Wp(s), Wy(s), Wu(s) : stable
P(s) : stabilizable and detectable

2. Each of Wp(s), W, (s) and Wy, (s) must be either
a) empty (you may simply assign an empty matrix “[]”),
b) scalar (SISO) or

¢) have respective input dimensions 7y , Ty and 70y where P is Ty -by- 1y

50 I R R
o Controller  [IATLAB Command
L2l N oK) [[KnChmammine] = mheynProm WAL W)
% 20 F--+-1- HH%? QL : :}uifiﬂfjifﬂifir%%%H%”’i”é’%’i’i%’iiﬁ T e T T e T A Z
o L | 21
310 P : G(S) Wp(s)p——>
g OF—+ e I | | — ‘ ‘7‘:7‘7‘” i i r i i 22
do0 M| — mixsyn | | | (AR e
20 7 | | - hinfsyn i ; 1) C - ; i
gol Ll L T T (V) S —————————— yi
107 10™ 10° 10" 10 10° :
Frequency [rad/s]

Perfect matchmg ---------------------



Spinning Satellite: High Frequency Roll-off "294

Gamma Tolerance €y = |7 = Yopt] Closed loop Transfer Function

ey = 0.1 v = 0.6875 . (Fl(G K))

e, = 0.01 v = 0.6719 08— N T T e

67 = 0.001 Y = 06655 $oe6

e, =0.0001 7 = 0.6650

67 = OOOOO]‘ fy — 06650 BT N 1 i A Wi
necessity to consider " oy
frequency ranges to be controlled . Loop Transfer Functlon

Gamma Tolerance €y > |Y — Yopt|
tolgam = 0.01 — 0.1

Magnitude [dB]

Appropriately sub-optimal
v = 0.6875 < 1 (Yopt = 0.6650)

~ Lol Lot | Lol h i, H i, H T
10° 10" 102 10° 10% 10° 108 10’
Frequency [rad/s]

MATLAB Command
[Khi,CLhi,ghi,hiinfo] = hinfsyn(G,nmeas,ncon, Tolgam’,0.1); 24



‘\ Hy Controller [ ) h23yn] (Spinning Satellite) O

[K, CL, gam, info] = h2syn(G, nmeas, ncon)

Remark (1) (A, By) :stabilizable, (Cs, A) :detectable
(2) D1q9 : full column rank, [y : full row rank

Magnitude [dB]

Is— -
TR R I =L Antrhudias) F 4.

T>— Iti/h2syn (line 184)
h2 = -h1#d21" - h2c’; % h2? = -hPaprime’

T=— Untitled? (line 153)
[Khi,CLhi,ghi,hiinfo] = hZsyn(G.nmneas,ncon) ;

10° 10’ 102 10°
Frequency [rad/s]

OK [[F(G, K)|2 =7 = o0
Set § = W, = 0.00011, 25



Spinning Satellite: y-iteration; v — 00 vs. 7 = 0.6719 9%
Controller [ — oo (; — 100) | L,oop Transfer Function

40 N Y = 0.6719
30 F-i- R
o' m'
O, 20 F--4-4-FHE -t NN - - 44 - - o,
8 (0]
3 10 f-iiobh 4 S
E || I I E
g O N Q
= =
10 oAt
-20 i
_30 Il Lol Il Lol Il Il [ Il Il I i L Ll - T g ——— T ) ——— T T o — T =TT L 1 Il Ll
1072 107" 10° 10" 102 103 102 107" 10° 10" 102 103

Frequency [rad/s] Frequency [rad/s]

Closed loop TF v — oo (v = 100) = 0.6719
IIRG B = 10232 ) E @, K) — 4 =0.6719

hesin b b nnin b b pn uu‘ uy

*HHT’"F‘##F#W’ 1 rIITI'l'ITI'II'ITIITI‘I‘I[I‘ITI'ITITTITI'ITI’I‘ITII‘ITI'ITI'\I‘I'IFITIW'I“I'\II'I

o oRGE)

T —— Ap—
-CZoIo=s e
~
N’
N—"

Magnitude
o
()]
Magnitude

1072 107" 10° 10’ 102 103 1072 1071 10° 10" 10? 10% 26
Frequency [rad/s] Frequency [rad/s]



v — o0 vs, v = 0.6719

>

7Y-1teration

1te

Satell

Inning

Sp

25

O
b
o
p=
ho)
(D]
2
2
—_
(D]
a9
O
o
o
g =
QL &
o ©
& Z
_
_
_
0p)]
O
0p)]
-
o
Q.
o))
O
a%
mm
= T
N/

[s/peJ] Aioojap Jeinbuy

Time [s]

Time [s]

25

1.5
Time [s]

[s/peJ] AJ100jaA Jeinbuy

Time [s]



Spinning Satellite: Input Weight

0.125s+ 11.5
s+ 0.115

10s + 1
0.05s 4+ 1000

\\\\\\\\
77777777777777
\\\\\\\\

____________
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H ., Loop-Shaping Design [SP05, Sec. 9.4] 78
Coprime Factor Uncertainty
. N
G=M"'N G=(M+Ay) (N+Ay)

LFT closed loop system )
. S G
- An|—0—Ay
Fi(G,K) = ‘ [ ]I( ] (I_GK>_1M_1 zl[ w . ]w
> N —— !
K _
([t o] CELE,

Robust Stability Condition

[]e-amtr o <2

o €

H, Loop-shaping design procedure (LSDP)

\ loopsvn \ ncfsvn D. McFarlane and K. Glover,
[ 2 PSY ][ . y ] Springer-Verlag, 1990

(See Advanced Document 1n details) 29




Model Reduction [SPO05, Sec. 11] L)

. : L. 10
Truncation and Residualization [SP05, Sec. 11.2]
L2 L1 Im
Jordan form . "
Al RB 1 = Apyry + A12wo + Biu e
G = [4'7 Lo = Ag1x1 + Azewe + Bau x
¢ 1D y= Chix1+ Chxe+ Du x [0 Re
%
G :stable x € R" ol =[x 23 ', z eRF
A =diag(A1, -+, ), [A] <A <o <A, MATLAB Command
B=1[b/], C=lci r2 contains the fast modes | [68.Gfl = slowfas(G,ns);
Modal Truncation (z2 — 0) MATLAB Command
A11 B, G(jOO) — Gagbjoo) — D [SySG1,SysGZ]=ZodreaI(G,cut);
Ga= 151D G—Go= ) cibi IG = Galls < > o(eib;)
“ s — A B [Re(A;)]
1=k+1 1=k+1
Residualization (#2 — 0) Model Error

[ A, = Ay — A12A2_21A21

G B AT B?“ < Br _ Bl . A12A2_21B2 . g(()) :lGa(()) . 1
a= 4'_(% D, C, = Cy — Cy A3} Asy quivalent to Singular

I Perturbational Approximation
| D, = D — C>A;, By PP >




Model Reduction [SPO05, Sec. 11] .

Balanced Realizations [SPO35, Sec. 11.3] | MATLAB Command
[Sysb,g] = balreal(G);

Let G = (A, B, C, D) be a minimal realization of a stable, rational
transfer function, then (G 1s called balanced if the solutions to the
following Lyapunov equations

AP+ PA" + BBT =0 and ATQ+QA+C"C =0
are P = Q = diag(oy,--- ,0,) =3 ,where 01 > --- >0, >0,

Controllability Gramian P £ / e BBT A gy
0

Observability Gramian Q£ / e tCT Cetdt
0

0; 2 \/X\i(PQ) : Hankel singular values cf. [SP05, p. 160]
>} : Gramian of G , o1 =||G||g : Hankel norm of G

[ The size of 7; 1s a relative measure of the contribution ]

that &; makes to the input-output behavior of the system. 31



Model Reduction [SP05, Sec. 11] a9
Balanced Truncation/Residualization [SP05, Sec. 11.4]

— A_E L A11 A12 o B1 B
G_[C D A—[A21 Aso ,B— B, | C—[Cl CQ]
200 Y1 = diag(oq, -, 0%) g
- 0 22] Yo = diag(ogi1, -, 0n) Ok = Ok+1
MATLAB Command

[SPO5, Theorem 11.1] (p. 459) [GRED, info] = balancmr(G,order);

Let (G(s) be a stable rational transfer function with Hankel singular

values 01 > - -+ > o, where each 0; has multiplicity 7; and let Gf’;(s)

be obtained by truncating or residualizing the balanced realization of G(s)
to the first (r1 + - - - + rx) states. Then

n
IG — Glloe <2 Z g; “twice the sum of the tail”
i=k+1

(1) Balanced residualization preserves the steady-state gain of the system

(11) Balanced residualization 1s related to balanced truncation by
the bilinear transformats — s~ ! 32



Model Reduction [SPO05, Sec. 11] o
Optimal Hankel Norm Approximation [SP05, Sec. 11.5]

The Hankel norm of any stable transfer function F/(s)
IE(s)|lm = 01 = /p(PQ)

MATLAB Command
[SPOS5, Theorem 11.2] (p. 460) GRED = hankelmr(G,order);
Let G(s) be a stable, square, transfer function with Hankel singular
values 01 > -+ 2 0, S Op41 =" = Oyl > Okgiq1 = - 20 >0,

then a stable optimal Hankel norm approximation of order k , G7 (s) ,
can be constructed as follows.

o A 1(0%“14{1 + 3141131 — 0,1 C{ UBY)
A|B| | B
C\D

¥ =diag(Xy,0k411) , X1 =diag(o1, -, 0k, Oktit1, " 0n)
-
F_l(lel + O'k_|_1CiFU)
C'=0C1Y + O'k_|_1UBf
The Hankel norm of the error between G(s) and G (s) :
|G — Gyl = o311 (G) 33




Model Reduction [SPO05, Sec. 11] %

: L4
Reduction of unstable models [SP05, Sec. 11.6]
1. Stable part model reduction MATLAB Command
G(S) = G, (S) + G, (S) [Gs,Gus,m] = stabproj(G);

Ga(s) = Gu(s) + Gsals)
Balanced truncation/residualization or optimal Hankel norm approximation
can be applied to the stable part G to find a reduced order approximationGs,

2. Coprime factor model reduction | MATLAB Command

G(S) — M—l (S)N(S) GRED = ncfmr(G,order);
Ga(s) = M7 (5)Na(s)
# MATLAB Commands (Model Simplification)
Control System Toolbox Robust Control Toolbox
balred , modred, balancmr, bstmr, dcgainmr,
sminreal, minreal, balreal, hankelmr, modreal, ncfmr,
schurmr, slowfast, reduce,

hsvd, hsvplot, Standard use

balredOptions, hsvdOptions hankelsv 34



Spinning Satellite: Model Reduction

[Ex.] balancmr

Magnitude [dB]
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[Ex.] hankelmr

Magnitude [dB]
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Discretization %

A
& u
Cf—» K > P —I—yv
Continuous-time Plant Discretization Discrete-time Plant
>
P(s) P|z]
Design Design
Controller Controller
Continuous-time Controller RD(iigitgl Discrete-time Controller
K(S) cacsign S K[Z]
# MATLAB Commands (Continuous-Discrete Conversion)
Continuous to Discrete Sysd = c2d(Sysc, Ts, method)
Discrete to Continuous Sysc = d2¢(Sysd, method)

Resample Discrete-time model Sysd2 = d2d(Sysd, Ts, method) 36



Spinning Satellite: Infeasible Performance Weight @3
Find K st ||[F(G K)o <7 <1

O 125s + 20 0.125s 4 100
v=06719 <1 O v =1.4402 >1 X

A H . controller exists No controller
—— 7 (Lo ) 10 rad/s

S

o
I

o
I
|

Magnitude [dB]
S
o

-
o

- TN
—Ld Dorobi
B R rad/ 3= e A0 p -

i
-20 F-teirrer i 1!111131 ﬁ -20
0| ENE S5 I S A ::HHE: Y0 S RS N O B N R .
1072 107! 10° 10" 102 107" 10° 10 102
Frequency [rad/s] Frequency [rad/s]
MATLAB Command

[Khi,CLhi,ghi,hiinfo] = hinfsyn(G,nmeas,ncon,’Gmax’,1,’Gmin’,1); 37



Inclusion of Classical Feedback Control

SISO Loop Shaping MIMO Loop Shaping
A A
O 2 Z
Z Z
g -~
= o [~ Z
O P Z
=1 I Z
=z 2
¥ Z
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W S |2 2
Z Z
Z Z
i 7 >
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SISO System: Phase-lead Compensator

39
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